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Abstract. This work studies mutual neutralization processes in H– + H+ collisions using the reprojection 
method within the Born–Oppenheimer approach. This method enables nuclear dynamical calculations with 
non-vanishing radial couplings at large internuclear distances. Such calculations were performed for a mixed 
basis set of 1Σg and 1Σu molecular states with radial coupling matrix elements with analytically calculated 
asymptotic values. The partial mutual neutralization cross sections are calculated for a collision energy range 
from 0.001 to 100 eV.

Keywords: inelastic processes, nonadiabatic transitions, asymptotic couplings, mutual neutralization, cross 
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Introduction

The study of inelastic processes in collisions of hydrogen negative and positive ions is instrumental 
in analyzing the simplest electron transfer process in atomic collisions. Theoretical investigations into 
H– + H+ collisions are challenged by additional symmetry connected with the reflection of nuclei. This 
collisional system has scattering states of 1Σg and 1Σu molecular symmetries, and previous theoretical 
studies (Hörnquist et al. 2022; Nkambule et al. 2016; Stenrup et al. 2009) performed separate sets of cal-
culations within each one of them. However, our analytical calculations show that several molecular 
states of different parity are coupled at large internuclear distances. Non-vanishing coupling matrix ele-
ments are fundamental to the Born–Oppenheimer approach, that is also called the electron translation 
problem, as non-adiabatic couplings in the asymptotic region induce transitions between different 
electronic molecular states at large internuclear distances. To solve this problem, the reprojection 
method was proposed in (Belyaev 2010) and later in (Yakovlev et al. 2018). However, it was used most-
ly in heteronuclear systems, and one study (Hedvall et al. 2024) applied the reprojection method to col-
lisions of the same nuclei, namely H– + H+; nuclear dynamics was also treated separately for 1Σg and 1Σu 
states. This work aims to include the asymptotic values of radial couplings between 1Σg and 1Σu molecu-
lar states in calculations of non-adiabatic nuclear dynamics.
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Theory

Mutual neutralization processes in H– + H+ collisions are investigated within the Born–Oppenheimer 
approach that divides the problem into two parts: electronic structure calculations and non-adiabatic 
nuclear dynamics study. The electronic structure of the H2 quasimolecule is calculated in (Stenrup et al. 
2009) and has information on adiabatic potential energies Uj and radial coupling matrix elements  
as functions of internuclear distance R. Nuclear dynamics study focuses on solving the coupled channel 
equations system:

,	 (1)

where M — reduced mass of nuclei, J — total angular momentum quantum number, E — total energy, 
and Fj — radial wave functions of nuclei. Numerical solution of these equations gives matrix R, which 
can be used to calculate scattering matrix S and transition probabilities and inelastic cross sections

(2)

where matrices t± are introduced in the reprojection method (Belyaev 2010; 2022) as follows

,	 (3)

and take into account that incoming and outgoing waves in a single atomic state must be distributed 
among all molecular states in the asymptotic region. Non-vanishing radial matrix elements at large in-
ternuclear distances arise since electronic structure calculations are usually performed in molecular 
coordinates. In the standard Born–Oppenheimer approach, asymptotic values of radial coupling matrix 
elements are neglected, which corresponds to setting t± to a unity matrix in equation (2).

Asymptotic values of radial coupling matrix elements can be calculated using asymptotic wave func-
tions for different scattering states of the H2 quasimolecule. At large internuclear distances, radial cou-
plings can be expressed via atomic transition dipole matrix elements

(4)

where U(∞) is the asymptotic value of adiabatic potential energy, m — reduced mass of the electron and 
the nuclei, and factor γk = Ma,b/(Ma + Mb) for nuclei a and b, which for the case of the H2 quasimolecule 
has value γk = 1/2. Equation (4) shows that some of the matrix elements have zero values: these are ma-
trix elements that correspond to transitions between degenerate states (Uj(∞) = Uk(∞)), between states 
where dipole transition is forbidden, and between covalent and ionic states.

Electronic structure
Calculations for the electronic structure of the H2 quasimolecule that includes adiabatic potentials 

and coupling matrix elements for 13 scattering channels were presented in (Stenrup et al. 2009). This 
work was followed by (Hörnquist et al. 2022), with several higher-lying states added; however, they 
showed that cross sections to the scattering states H(1s)+H(4l) are negligible. Ionic state H–(1s2) + H+  
produces 1Σg and 1Σu molecular symmetry, where subscripts g and u denote even and odd wave func-
tions with respect to the reflection of nuclei. In our work we consider seven scattering states of 1Σg 
molecular symmetry and six scattering states of 1Σu symmetry, with each symmetry including one 
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ionic state. Scattering channels, their molecular terms, and asymptotic energies measured from the 
ground state are collected in Table 1. Adiabatic potential energies as functions of the internuclear dis-
tance R are shown in Fig. 1, with solid lines representing 1Σg states and dashed lines — 1Σu states. Table 1 
and Fig. 1 demonstrate that scattering channels H(1s)+H(nl) that have the same quantum number n are 
asymptotically degenerate, as well as two ionic states.

Table 1. Scattering channels for H(1s) + H(nl) and H–(1s2) + H+ that form 1Σg,u molecular symmetry  
and their asymptotic energies with respect to the ground state

j Scattering channel Term Asymptotic energy, 
a. u.

  1 H(1s) + H(1s) 1 1Σg 0.0
  2 H(1s) + H(2s) 2 1Σg 0.3748003
  3 H(1s) + H(2p) 3 1Σg 0.3748003
  4 H(1s) + H(3s) 4 1Σg 0.4442076
  5 H(1s) + H(3p) 5 1Σg 0.4442076

  6 H(1s) + H(3d) 6 1Σg 0.4442076
  7 H–(1s2) + H+ 7 1Σg 0.4997332
  8 H(1s) + H(2s) 1 1Σu 0.3748003
  9 H(1s) + H(2p) 2 1Σu 0.3748003
10 H(1s) + H(3s) 3 1Σu 0.4442076
11 H(1s) + H(3p) 4 1Σu 0.4442076
12 H(1s) + H(3d) 5 1Σu 0.4442076
13 H–(1s2) + H+ 6 1Σu 0.4997332

Fig. 1. Adiabatic potentials for H2 quasimolecule 1Σg states (solid lines) and 1Σu states (dashed lines)  
as functions of internuclear distance

Asymptotic values of radial coupling matrix elements calculated using equation (4) are collected 
in Table 2. This table shows that besides zero values for transitions between degenerate states, ionic- 
covalent transitions, and optically forbidden transitions, radial couplings are zero in the asymptotic 
region for transitions between states of the same parity. However, the calculated radial matrix elements 
from (Stenrup et al. 2009) have non-zero asymptotic values for couplings between states of the same 
parity. This artifact may be attributed to the separate calculations for sets of 1Σg and 1Σu states.
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Table 2. Asymptotic values for  matrix elements, terms for molecular states correspond with Table 1

1 1Σg 2 1Σg 3 1Σg 4 1Σg 5 1Σg 6 1Σg 7 1Σg 1 1Σu 2 1Σu 3 1Σu 4 1Σu 5 1Σu 6 1Σu

1 1Σg – 0 0 0 0 0 0 0 –0.198 0 –0.094 0 0

2 1Σg 0 – 0 0 0 0 0 0 0 0 –0.061 0 0

3 1Σg 0 0 – 0 0 0 0 0 0 –0.019 0 –0.117 0

4 1Σg 0 0 0 – 0 0 0 0 0.019 0 0 0 0

5 1Σg 0 0 0 0 – 0 0 0.061 0 0 0 0 0

6 1Σg 0 0 0 0 0 – 0 0 0.117 0 0 0 0

7 1Σg 0 0 0 0 0 0 – 0 0 0 0 0 0

1 1Σu 0 0 0 0 –0.061 0 0 – 0 0 0 0 0

2 1Σu 0.198 0 0 –0.019 0 –0.117 0 0 – 0 0 0 0

3 1Σu 0 0 0.019 0 0 0 0 0 0 – 0 0 0

4 1Σu 0.094 0.061 0 0 0 0 0 0 0 0 – 0 0

5 1Σu 0 0 0.117 0 0 0 0 0 0 0 0 – 0

6 1Σu 0 0 0 0 0 0 0 0 0 0 0 0 –

Nuclear dynamics calculations

This work aims to incorporate asymptotic values of radial coupling matrix elements between 1Σg and 
1Σu states, shown in Table 2, into non-adiabatic nuclear dynamics calculations. To include these ana-
lytical values of asymptotic radial coupling matrix elements in dynamical calculations, we modify quan-
tum chemical data from (Stenrup et al. 2009) as follows: all radial couplings between states of the same 
parity are adjusted to reach zero in the asymptotic region; while radial couplings between states of the 
different parity are set to reach corresponding asymptotic values from Table 2 and have zero values  
at short and intermediate internuclear distances.

A system of coupled equations (1) is solved for 13 adiabatic states in Table 1 using modified matrix 
elements for collision energies from 0.001 to 100 eV. Calculated mutual neutralization cross sections are 
shown with solid lines in Fig. 2: the upper panel shows cross sections for transitions from the 71Σg ionic 
state to all covalent states (11Σu – 51Σu and 11Σg – 61Σg), and the lower panel — cross sections from the 
61Σu ionic state. Dashed lines represent independent calculations within each molecular symmetry using 
initial quantum chemical data. Comparison of these two sets of data shows that cross sections for tran-
sitions from both ionic states 71Σg and 61Σu to the states of the same parity are not sensitive to the change 
in radial couplings: solid lines almost coincide with dashed lines in both panels of Fig. 2. Meanwhile, 
cross sections for transitions from each ionic state to the covalent states of different parity have generally 
much smaller values than to the states of the same parity, with the exception of the 71Σg → 11Σg transi-
tion, which itself has a very small value due to the large energy gap between the 11Σg molecular term  
and other terms (see Fig. 1).

Fig. 3 shows the comparison of mutual neutralization cross sections calculated using the reprojection 
method and the standard Born–Oppenheimer approach with the upper panel showing transitions from 
the 71Σg state and the lower panel — from the 61Σu state; the dashed lines are used for calculations with 
the reprojection method while the solid lines correspond to calculations based on the standard approach. 
Cross sections for this figure are summed over final channels H(1s)+H(nl) that have the same quantum 
number n. It is clearly seen that among mutual neutralization processes the effect of applying the repro-
jection method is the strongest for transition to the ground state H(1s)+H(1s). These cross sections are 
in good agreement with the results described in (Stenrup et al. 2009).
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Fig. 2. Partial mutual neutralization cross sections from 71Σg state (upper panel) and from 61Σu state  
(lower panel). Solid lines represent calculation in mixed basis of 13 states, while dashed lines stand  

for calculations within 1Σg and 1Σu symmetries separately

Fig. 3. Mutual neutralization cross sections from the 71Σg state (upper panel) and from the 61Σu state  
(lower panel) summed over final channels H(1s)+H(nl) with the same n, calculated within the standard  

Born–Oppenheimer approach (solid lines) and using the reprojection method (dashed lines)



136	 https://www.doi.org/10.33910/2687-153X-2026-7-3-131-136

Account of asymptotic couplings in collisional dynamics of H2 quasimolecule

Conclusion

The mutual neutralization cross sections for H– + H+ collisions are calculated with the reprojection 
method that provides correct treatment of non-vanishing radial couplings at large internuclear separa-
tions. The basis set for nuclear dynamics consists of seven 1Σg and six 1Σu molecular states. Radial matrix 
elements are adapted for couplings between all 13 states with asymptotic calculated analytically. 
The analysis of calculated cross sections shows that the presence of asymptotic values couplings between 
states of different parity slightly redistributes partial mutual neutralization cross sections, though 
not changing total cross section. However, these asymptotic couplings may have a higher impact  
on the excitation and de-excitation cross sections.
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