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Abstract. The article suggests a theoretical model which describes the development of plastic deformation 
within amorphous intercrystalline layers in nanocrystalline ceramics as a process of homogeneous generation 
of inclusions of the liquid-like phase, their extension and further penetration to neighbouring layers through 
triple junctions. The energetic characteristics of these stages are calculated and analysed in detail. It is shown 
that the nucleation stage can be realised in the barrier-less regime when the applied shear stress reaches its 
critical value which depends on the temperature of the mechanical testing. The penetration stage of the 
deformation process needs some increase in the applied shear stress and, therefore, leads to strain hardening 
of the model nanocrystalline ceramics. The corresponding flow stress increases with diminishing grain size 
of the nanoceramics and lowering temperature of testing.
 
Keywords: nanocrystalline ceramics, amorphous intercrystalline layers, inclusions, liquid-like phase, plastic 
deformation, strain hardening.
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Introduction

It is well known that in certain ceramics with covalent chemical bonding like Al2O3, SiC, Si3N4, SrTiO3, 
etc., the grain boundaries (GBs) can contain amorphous films of about 1–2 nm thickness, which are also called 
‘intergranular glassy films’ (IGFs). Earlier research by D. R. Clarke was aimed at the detection  
of IGFs with electron microscopy (Clarke 1979) and explanation of their existence and stability (Clarke 1987). 
Many experimental observations were made by Rühle’s group (see, for example, Kleebe et al. 1992; 1993). 
These and other related results on IGFs in ceramics and ceramic matrix composites are presented  
in collective monographs (Dufour et al. 1989; Hoffmann, Petzow 1994; Tomsia, Glaeser 1998) and reviews 
(Kleebe 1997; Subramaniam et al. 2006). In particular, it was shown that IGFs have a nearly constant 
thickness which is basically independent of the orientation of the bounding grains, but is dependent on 
the composition of ceramics (Subramaniam et al. 2006). The presence of IGFs can play an important role 
in determining the properties of ceramics as a whole, such as strength, toughness, fatigue, etc. (Hoffmann, 
Petzow 1994; Chen et al. 2000). It is worth noting that IGFs in ceramic silicon nitride attract special  
attention of many researchers (Clarke 1979; 1987; Hoffmann, Petzow 1994; Kleebe et al. 1992; 1993;  
Zhang et al. 2011).

Extensive investigations in the field of nanocrystalline materials have stimulated the interest in IGFs 
in nanocrystalline ceramics (Keblinski et al. 1996; 1997; Mo, Szlufarska 2007; Szlufarska et al. 2005)  
in relation to their outstanding mechanical properties (Hulbert et al. 2007; Xu et al. 2006). Since  
the experimental observations in this field are extremely complicated and laborious, a significant role  
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is played by computer simulations (Demkowicz et al. 2007; Demkowicz, Argon 2004; 2005a; 2005b; 
Keblinski et al. 1996; 1997; Mo, Szlufarska 2007; Szlufarska et al. 2005) and analytical theoretical models 
(Bobylev et al. 2008; Bobylev, Ovid’ko 2008; Glezer, Pozdnyakov 1995; Gutkin, Ovid’ko 2009; 2010a; 
2010b; Ovid’ko et al. 2008; Pozdnyakov, Glezer 1995). Thus, computer simulation results give a basis for 
developing theoretical analytical models which, in their turn, show directions for further computer 
simulations.

In particular, researchers (Demkowicz, Argon 2004; 2005a; 2005b) simulated bulk amorphous silicon 
(a-Si) as a typical amorphous covalent material and showed that its atomic structure includes liquid-like 
and solid-like regions. The volume fractions of these components depend on the cooling rate of liquid 
silicon, which leads to a change in the plastic flow regime of the simulated samples—the higher the 
volume fraction of the liquid-like material is, the more homogeneous the plastic flow of a-Si is. Moreo-
ver, the fraction of the liquid-like phase increases under mechanical loading. The authors concluded that 
the liquid-like phase regions are the carriers of plastic deformation in a-Si. Since the latter is a typical 
example of an amorphous covalent material, they suggested that these features are also inherent in 
other amorphous solids with covalent bonding, in particular, in GB layers of amorphous silicon nitride 
(a-Si3N4) surrounding the titanium nitride nanograins (nc-TiN) in nc-TiN/a-Si3N4 ceramic nanocompos-
ite. Later, the formation and growth of the liquid-like phase regions in the GBs were observed in a com-
puter simulation of the plastic deformation of nc-Si (Demkowicz et al. 2007).

Based on the results of the computer simulations (Demkowicz, Argon 2004; 2005a; 2005b; Demko-
wicz et al. 2007), a theoretical model of the plastic deformation of an amorphous covalent material was 
suggested in (Gutkin, Ovid’ko 2009; 2010a) and later used for the description of the mechanical behav-
iour of amorphous intercrystalline layers in nanoceramics (Gutkin, Ovid’ko 2009; 2010b). This model 
describes the following main features of the plastic deformation of amorphous covalent material  
(Gutkin, Ovid’ko 2010a):

(1) The mechanism of plastic deformation is the homogeneous nucleation and development of liquid-
like phase inclusions under the applied shear stress.

(2) Such inclusions exhibit a plastic shear modelled by glide dislocation loops, which appear and 
develop simultaneously with the inclusions.

(3) The formation of such inclusions does not require overcoming the energy barrier if the applied 
stress reaches some critical temperature-dependent level; the higher the temperature is, the 
lower the critical stress is.

(4) In the case of the barrierless nucleation of the inclusion at relatively low temperatures, the strength 
(the Burgers vector) of the dislocation loop, which models the plastic shear inside the inclusion, 
increases faster than the loop size. In this case, the heterogeneous plastic flow of the amorphous 
material due to the concentration of the plastic deformation in narrow slip bands should be ex-
pected. 

(5) If the barrierless nucleation of the inclusion proceeds at a relatively high temperature, an increase 
in the size of the dislocation loop advances an increase in its strength and a homogeneous plastic 
flow of the material via the bulk nucleation and gradual development of such inclusions should 
be expected. If, in addition, the applied stress exceeds the critical level for the barrierless nuclea-
tion of inclusions, the transition from the homogeneous to heterogeneous flow of the amorphous 
material becomes possible. 

For a model case of nc-TiN/a-Si3N4 ceramic nanocomposite, the papers (Gutkin, Ovid’ko 2009; 2010b) 
show that, when the length of the amorphous layer is large enough and a considerable dislocation charge 
is accumulated, the inclusions of the liquid-like phase induce the formation and growth of mode  
I–II cracks in neighbouring amorphous layers. In this case, the possibility of opening and growing the 
crack depends very strongly on the test temperature, the layer orientation, and the size of nanoceramic 
grains. An increase in the temperature and the angle of orientation and a decrease in the size of nanoce-
ramic grains favour an increase in the crack resistance.

In the present paper, we consider another scenario of the plastic deformation development when the 
crack opening is suppressed. In this case, it is assumed that the inclusion of the liquid-like phase can 
overcome the triple junction of amorphous intercrystalline layers and penetrate into one of the neigh-
bouring layers. We show that this process needs some increase in the applied shear stress and, therefore, 
leads to strain hardening of model nanocrystalline ceramics. 
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Model

According to the approach proposed in (Gutkin, Ovid’ko 2009; 2010a), we consider a model nanoceramic 
sample, to which a normal tensile stress σ is applied, and one of the amorphous intergranular interlayers 
of length L and thickness h, in which the maximum shear stress τ = σ / 2 acts (Fig. 1). Based on the results 
(Gutkin, Ovid’ko 2009; 2010a), we assume that until this stress reaches a certain critical value τ = τc,  
the sample is elastically deformed. Upon reaching the critical stress τc, which corresponds to the critical 
elastic shear deformation εc = τc /(2G), where G is the shear modulus, a nucleus of a liquid-like phase 
with plastic shear localised in it is formed in the amorphous interlayer without any energy barrier. For 
the sake of simplicity, the local plastic shear is modelled here by a dipole of edge dislocations with variable 
Burgers vectors ± s. Under the action of stress τ ≥ τc, the longitudinal size p of the nucleus grows and 
reaches the length of the amorphous interlayer L. At the same time, the magnitude s of the Burgers vector 
also increases. As shown by the calculations (Gutkin, Ovid’ko 2009; 2010a), the value of s in the first 
approximation is directly proportional to the size of the nucleus p: s ≈ ηρ, η<1. At relatively low temperatures 
of the deformation test, the calculations (Gutkin, Ovid’ko 2009; 2010a) show η ≈ 0.2, while at relatively 
high temperatures they show η ≈ 0.05.

Fig. 1. A two-dimensional model of the plastic flow of nanoceramics due to the formation of nuclei of the liquid-
like phase in the grain boundaries in which plastic shear develops, simulated by a dipole of edge dislocations 

with a growing Burgers vector s

Let us use this model to calculate stress-strain curves for such a model nanoceramic sample. The plastic 
deformation of the sample can be estimated with the following formula (Ovid’ko, Sheinerman 2009):

 , (1)

where α is the fraction of grain boundaries oriented in such a way that a given stress τ acts in them 
(Ovid’ko, Sheinerman 2009), and d is the average grain size of the sample. 

The formation and growth of one nucleus of a liquid-like phase in a grain boundary with a suitable 
orientation in nanoceramics is accompanied by a change in the energy of the system (per unit dislocation 
length) by the value

 , (2)

where Wd is the strain energy of the dislocation dipole, H is the excess enthalpy of the liquid-like phase 
in comparison with the solid-like phase, and S is the cross-sectional area of the nucleus of the liquid-like 
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phase. Assuming that the arm of the dipole is approximately equal to the longitudinal size of the nucleus 
p, we can write the strain energy Wd as follows (Gutkin, Ovid’ko, Skiba 2004):

 , (3)

where ν is the Poisson ratio, rc ≈ s ≈ ηρ is the cutoff radius of the elastic field of the dipole at the 
dislocation lines. For simplicity, we will assume that S = pt ≈ pξb, where t is the transverse size of the 
nucleus, ξ ≈ 2…4, and b is the average interatomic distance.

With Eq. (3) and the assumptions made, Eq. (2) takes the following form:

 . (4)

Results

In the numerical investigation of the energy change ΔW, we used the material characteristics for 
nanoceramic silicon nitride (Si3N4) as was the case in (Gutkin, Ovid’ko 2009; 2010b): G = 120 GPa, ν = 0.2, 
and b ≈ 0.174 nm; at relatively low temperatures of testing, we took H = 0.05 eV/at. and n ≈ 0.2, while at 
relatively high temperatures of testing, H = 0.01 eV/at. and n ≈ 0.05. For the sake of definiteness, it was 
also assumed that ξ ≈ 2. 

Fig. 2 shows the dependences ΔW(p) plotted at different values of the applied shear stress τ for rela-
tively (a) low and (b) high temperatures. It is seen that, depending on the level of τ, the curves ΔW(p) 
can demonstrate rather different behaviours. They can monotonously increase at relatively low values 
of τ, or first increase, reach their maxima and then decrease at some intermediate values of τ, or mo-
notonously decrease at relatively high values of τ. In the first case, the formation of the liquid-like phase 
nucleus is energetically unfavourable and, therefore, impossible. In the second and third cases, the nu-
cleus formation is possible if the corresponding energy barrier is either small enough or even absent. 

Fig. 2. Dependence of the energy change ΔW on the normalised size p/b of the nucleus of the liquid-like phase 
for different values of the applied shear stress τ (in units of GPa) at (a) low and (b) high temperatures
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The most strict and reliable conditions for the nucleus formation event are that (i) the energy change 
ΔW is not positive for some initial nucleus size, and (ii) the energy change ΔW monotonously decreases 
with the nucleus size p. It is seen from the plots shown in Fig. 2 that these conditions are satisfied if τ  
eaches a critical value, τ = τc(T). At relatively low temperatures, τc ≈ 14 GPa, while at relatively high 
temperatures, τc ≈ 9.5 GPa. 

It also follows from these plots that at stress values equal to or higher than the critical one, the nucleus 
of the liquid-like phase develops in an unstable regime. Obviously, this happens until it reaches the 
nearest obstacle, which, in the case of nanoceramics, is the nearest triple junction of grain boundaries. 
Overcoming the triple junction leads to a displacement of the boundary that is not subjected to the shear 
(Fig. 3) and to the formation (in the case of tilt boundaries) of a dipole of partial wedge disclinations  
of strength ω equal to the misorientation angle of this boundary and with an arm equal to the displacement 
of the boundary (Ovid’ko, Sheinerman 2009). A further increase in the size of the nucleus of the liquid-
like phase, accompanied by an increase in the plastic shear, causes an elongation of the disclination dipole 
arm and a corresponding increase in its energy, hence the appearance of a thermodynamic force that 
prevents the propagation of the liquid-like phase. To overcome this force, it is necessary to further 
increase the applied stress level. Thus, the transition of the system to the hardening stage should be 
expected.

Fig. 3. Model of nucleation of the secondary nuclei of the liquid-like phase along the grain boundaries AB and В'С'. 
The development of the secondary nuclei of the liquid-like phase is accompanied by their plastic shear, which is 

modelled by two new dipoles of edge dislocations with arms (p – L)/2 and Burgers vectors ± s'. The plastic shears 
are accompanied by the displacements of the grain boundaries А'В' and BC by vectors s' and −s', respectively, 

and the appearance of two dipoles of partial wedge disclinations with arms s' and strengths ± ω

To calculate the stress providing plastic deformation at the hardening stage, consider the model shown 
in Fig. 3. It shows the grain boundary BB' filled with the liquid-like phase and subjected to plastic shear. 
This plastic shear is modelled by a dipole of edge dislocations pressed by the applied stress τ ≥ τc to two 
triple junctions B and B', on which secondary nuclei of the liquid-like phase are generated along the 
neighbouring boundaries AB and B'C'. The development of these secondary nuclei of the liquid-like 
phase is accompanied by their plastic shear, which is modelled by two new dipoles of edge dislocations 
with the Burgers vector ± s', the magnitude of which increases with an increase in the size of these nuclei 
s' ≈ η(p-L)/2, where p is the total length of the liquid-like phase ABB'C' and L is the length of the bound-
ary BB'. At the same time, the boundaries BC and A'B' are displaced in opposite directions by distances 
s' with the formation of two biaxial dipoles of partial wedge disclinations with arms s'. For simplicity  
of further calculations, we assume that the strengths of these dipoles are the same and equal to ω.

The change in the energy of the system ΔW' accompanying the formation of two secondary nuclei of 
the liquid-like phase (Fig. 3) can be written in the following form:

 , (5)
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where 2W'd is the self-strain energy of two new dislocation dipoles, Wqd is the self-strain energy of the 
disclination quadrupole, Wd,int is the energy of the elastic interaction of the new dislocation dipoles with 
the old one, θ is the angle of deviation of the boundaries AB and В'С' from the straight line BB'. Note 
that in the first approximation we neglect the elastic interaction of new dislocation dipoles with each 
other and with the ‘opposite’ disclination dipoles. If necessary, these terms can be taken into account, 
although they are unlikely to be significant.

We write the first term in Eq. (5) by analogy with Eq. (3) as follows:

  . (6)

The second term of Eq. (5) is approximated by the well-known expression for a disclination quadrupole 
in which all disclinations lie on the same line (Romanov, Vladimirov 1992). Substituting our definition 
of the dipole arm into this expression, after some algebra we have

  (7)

The third term in Eq. (5) was calculated in (Gutkin, Ovid’ko, Pande 2004). With our denotations, it 
takes the following form: 

  (8)

Thus, all terms of Eq. (5) are defined. Fig. 4 shows the dependence of the energy change ΔW' on the 
normalised size p/b of the nucleus of the liquid-like phase for L = 100b, ω = π/3, θ = π/6, and different 
values of the applied shear stress τ at (a) low and (b) high temperatures. The upper curves are plotted 
for the corresponding values of the critical stress τc = 14 and 9.5 GPa. It is seen that even at these values, 
it is energetically favourable for new critical nuclei to grow to significant sizes of the order of 25b ≈ 4.35 nm at 
low temperatures and up to 65b ≈ 11.31 nm at high temperatures. However, their further growth requires 
an increase in the level of τ.

In the case of quasi-static loading, we can assume (Ovid’ko, Sheinerman 2009) that each level of the 
stress τ ≥ τc will correspond to the equilibrium size of the nucleus of the liquid-like phase and, accordingly, 
the magnitude of plastic shear. The equilibrium condition is determined by the equation ∂ΔW'(p)/∂p = 0, 
from which we immediately find

  (9)

 .
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Fig. 4. Dependence of the energy change ΔW' on the normalised size p/b of the nucleus of the liquid-like phase 
for different values of the applied shear stress τ (in units of GPa) at (a) low and (b) high temperatures.

Let us now find the plastic deformation occurring in the plane of the grain boundary BB'. It can be 
estimated by the sum
 ε = ε1 + ε2 , (10)

where ε1 is the plastic deformation due to the shear inside the primary nucleus of the liquid-like phase, 
which is determined by formula (1) at p = L:

 , (11)

and ε2 is the plastic deformation due to the shear inside the secondary nuclei of the liquid-like phase, 
which, by analogy, can be written as 

 . (12)

Then it follows from Eq. (10) with Eqs. (11) and (12) that 

 . (13)

Now, assuming that d ≈ 1.5L, we can make the substitution p – L ≈ L[3ε/(αη)-2]/cosθ in Eq. (9),  
which gives the dependence τ(ε).

Fig. 5 shows the curves τ(ε) plotted for different values of the grain boundary length L at relatively (a) 
low and (b) high temperatures. It is seen that grain refinement (shortening of grain boundaries)  
of nanoceramics leads to some increase in the flow stress.
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Fig. 5. Dependence of the shear stress on the plastic deformation at the stage of hardening of Si3N4 nanoceramics 
for different lengths L of the grain boundaries at relatively (a) low and (b) high temperatures

Thus, we have considered the case of penetration of an inclusion of the liquid-like phase from one 
amorphous intercrystalline layer to another through a triple junction of such layers, which is alternative 
to the case of the crack opening at the triple junction studied in (Gutkin, Ovid’ko 2009; 2010b). We have 
shown that this process needs some increase in the applied shear stress and, therefore, leads to strain 
hardening of the model nanoceramics. The corresponding flow stress increases with diminishing grain 
size of the nanoceramics and is higher for low temperatures than for high temperatures. 

Conclusion

In summary, the study suggests a theoretical model which describes the development of plastic 
deformation within amorphous intercrystalline layers in nanocrystalline ceramics as a process  
of homogeneous generation of inclusions of the liquid-like phase, their extension and further penetration 
to neighbouring layers through their triple junctions. The energetic characteristics of these stages are 
calculated and analysed in detail. 

It is shown that the nucleation stage can be realised in the barrier-less regime when the applied shear 
stress reaches its critical value which depends on the temperature of the mechanical testing. The higher 
the temperature is, the smaller the critical stress is.

The penetration stage of the deformation process needs some increase in the applied shear stress and, 
therefore, leads to strain hardening of model nanocrystalline ceramics. The corresponding flow stress 
increases with  diminishing grain size of nanoceramics. The higher the temperature is, the smaller the 
flow stress is.
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