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Abstract. In this article, a non-commutative integration method of linear differential equations is used to
consider the Klein-Gordon-Fock equation with the L-constant electric field with large L, and light cone
variables are used to find new complete sets of its exact solutions. These solutions can be related by integral
transformations to previously known solutions described by Gavrilov and Gitman (2016b). Then, using the
general theory developed by Gavrilov and Gitman (2016a), this article constructs (in terms of new solutions)
the so-called in- and out-states of scalar particles confined between two capacitor plates.
Keywords: exact solutions, Klein-Gordon-Fock equation, potential step, strong electric field, non-commutative
integration method.

Introduction
Particle production from vacuum by strong electric-like external fields—the Schwinger effect
(Schwinger 1951) or the effect of the vacuum instability—is one of the most interesting effects in quantum field theory (QFT) that scientists have already been researching for a long time. The effect can be
observable if the external fields are sufficiently strong, e.g.
 the magnitude of an electric field should be
comparable with the Schwinger critical field with ܧୡ ൌ ݉ଶ ܿ ଷ Ȁ݁  ͳͲଵ Ȁ . Nevertheless, recent
progress in laser physics brings hope that an experimental observation of the effect can become possible
in the near future (for the review, see Dunne 2009; 2014; Di Piazza, Müller, Hatsagortsyan et al. 2012;
Mourou, Tajima 2014; Hegelich, Mourou, Rafelski 2014). Moreover, electron-hole pair creation from
vacuum also becomes observable in laboratory conditions in graphene and similar nanostructures (see,
e.g. Sarma, Adam, Hwang et al. 2011; Vafek, Vishwanath 2014). Various approaches have been proposed
for calculating the effect depending on the structure of such external backgrounds (for a list of relevant
publications see Ruffini, Vereshchagin, Xue 2010; Gelis, Tanji 2016). Calculating quantum effects in
strong external backgrounds must be non-perturbative with respect to the interaction with strong backgrounds. A general formulation of QED with time-dependent external fields (the so-called t-potential
steps) was developed by Gitman (1977), Fradkin, Gitman (1981), and Fradkin, Gitman, Shvartsman
(1991). It can be also seen that in some situations the vacuum instability effects in graphene and similar
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nanostructures caused by strong (with respect of massless fermions) electric fields are of significant
interest (see Gelis, Tanji 2016; Allor, Cohen, McGady 2008; Gavrilov, Gitman, Yokomizo 2012; Vafek,
Vishwanath 2014; Kané, Lazzeri, Mauri 2015; Oladyshkin, Bodrov, Sergeev et al. 2017; Akal, Egger, Müller et al. 2019 and references therein). At the same time, in these cases electric fields can be considered
as time-independent weakly inhomogeneous x-electric potential steps (electric fields of constant direction that are concentrated in restricted space areas) that can be approximated by a linear potential. Approaches for treating quantum effects in the explicitly time-dependent external fields are not directly
applicable to the x-electric potential steps. A consistent non-perturbative formulation of QED with
critical x-electric potential steps, strong enough to violate the vacuum stability, was constructed in the
recent work (Gavrilov, Gitman 2016a). A non-perturbative calculation technique for different quantum
processes, such as scattering, reflection, and electron-positron pair creation, was developed there. This
technique essentially uses special sets of exact solutions of the Dirac and Klein-Gordon equation with
the corresponding external field of x-electric potential steps. The cases when such solutions can be found
explicitly (analytically) are called exactly solvable cases. This technique was effectively used to describe
particle creation effect in the Sauter field of the form ܧሺݔሻ ൌ ି ܧଶ ሺݔȀܮୗ ሻ , in a constant electric
field between two capacitor plates separated by a distance (ܮthe so-called ܮ-constant electric field), and
in exponential time-independent electric steps, where the corresponding exact solutions were available
(see Gavrilov, Gitman 2016a; 2016b; Gavrilov, Gitman, Shishmarev 2017). These exactly solvable models
make it possible to develop a new approximate calculation method to non-perturbatively treat the
vacuum instability in arbitrary weakly-inhomogeneous x-electric potential steps (Gavrilov, Gitman,
Shishmarev 2019). Note that the corresponding limiting case of a constant uniform electric field shares
many similarities with the case of the de Sitter background (see Anderson, Mottola 2014; Akhmedov,
Popov 2015 and references therein). Thus, a study of the vacuum instability in the presence of the ܮ
-constant electric field with large  ܮ՜ λ may be quite important for some applications. Only a critical
 ʹ݉is the electron mass) can produce electron-positron
step with a potential difference Δ𝑈𝑈 > 2𝑚𝑚ξܷ
(where
pairs; moreover, pairs are born only with quantum numbers in a finite range—in the so-called Klein zone.
As a matter of fact, non-perturbative calculation techniques are related to the possibility of constructing exact solutions of the corresponding relativistic Dirac and Klein-Gordon equations; for instance,
solutions that have special asymptotics. Constructing such solutions is a rather difficult task. An adequate
choice of variables in the corresponding equations can be useful to solve it. For instance, Narozhnyi and
Nikishov (1976) found the above-mentioned solutions in a special representation considering the Dirac
and Klein-Gordon equations with a constant uniform field given by time-dependent potential and choosing the variables of the light cone (see also Gavrilov, Gitman, Shvartsman 1979; Gavrilov, Gitman, Gonçalves 1998). These solutions make it possible to explicitly find all kinds of the corresponding QED singular functions in the Fock-Schwinger proper time representation. This present article uses a
non-commutative integration method of linear differential equations to consider the Klein-Gordon
equation with the ܮ-constant electric field with a large  ܮand uses the light cone variables to find new
complete sets of its nonstationary exact solutions. These solutions can be related by integral transformations to previously known stationary solutions that were found by Gavrilov and Gitman (2016b). Then,
the general theory developed by Gavrilov and Gitman (2016a) is used to construct—in terms of the new
nonstationary solutions—the so-called in- and out-states of scalar particles confined between two capacitor plates.

In- and out-solutions

Let us construct in- and out-solutions of the Klein-Gordon equation with an external constant electric
field, which is the so-called ܮ-constant electric field and belongs to the class of x-potential steps. The
equation has the form

൫ܲఓ ܲఓ െ ݉൯߰ሺܺሻ ൌ Ͳǡ ܲఓ ൌ ߲݅ఓ െ ܣݍఓ ሺܺሻǡ

(1)

ܲఓ ൌ ߟఓఔ ܲఔ ǡ ߟఓఔ ൌ  ሺͳǡ
െͳǡ ǥ ǡ െͳሻ ǡ ݀ ൌ  ܦ ͳǡ
ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
ௗ

where ܣఓ ሺܺሻare corresponding electromagnetic potentials, m is the particle mass and  ݍൌ െ݁, ݁  Ͳ
is its charge. For the purpose of generality, the problem is considered in ݀-dimensional spacetime
( ൌ ܿ ൌ ͳ). Here ܺ ൌ ሺܺఓ ሻ ൌ ሺݐǡ ܚሻ,  ܚൌ ሺܺ  ሻ, ߤ ൌ Ͳǡͳǡ ǥ ܦ, ݇ ൌ ͳǡ ǥ ǡ ܦ. The ܮ-constant electric field
ܧሺݔሻ has the form
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(2)
We assume that the corresponding x-potential step is critical and sufficiently large, so that ݁݉ʹ ب ܮܧ.
In this case, the field ܧሺݔሻand the leading contributions to the vacuum mean values can be considered
as macroscopic ones. However, this ܮ-constant electric field is weakly inhomogeneous, the corresponding Klein zone is extensive, so that all the universal properties of the vacuum instability described by
Gavrilov, Gitman and Shishmarev (2019) hold true. The ܮ-constant field in the limit  ܮ՜ λ is a kind of
a regularisation for a constant uniform electric field. In fact, the ܮ-constant field may be approximated
in this limit by a constant uniform electric field given by a linear potential

ܣ ሺܺሻ ൌ െݔܧǡܣ ሺܺሻ ൌ Ͳǡ ݔൌ ܺଵ ǡ ܧ ͲǤ(3)
Consider stationary solutions of the Klein-Gordon equation with the following form:

߰ ሺܺሻ ൌ ߮ ሺݐǡ ݔሻ߮ ఼ܘሺܚୄ ሻǡ߮ ఼ܘሺܚୄ ሻ ൌ ሺʹߨሻିሺௗିଵሻȀଶ ሺ݅ܘୄ ܚୄ ሻǡ
߮ ሺݐǡ ݔሻ ൌ ሺെ݅ ݐሻ߮ ሺݔሻǡ݊ ൌ ሺ ǡ ܘୄ ሻǡ(4)
ܺ ൌ ሺݐǡ ݔǡ ܚୄ ሻǡ ܚୄ ൌ ሺܺ ଶ ǡ ǥ ǡ ܺ  ሻǡ ܘୄ ൌ ሺଶ ǡ ǥ ǡ  ሻǡ Ƹ௫ ൌ െ߲݅௫ Ǥ
These solutions are quantum states of spinless particles with given energy   and momenta ܘୄ perpendicular to the ݔ-direction. The functions ߮ ሺݔሻobey the second-order differential equation

ሼƸ௫ଶ െ ሾ െ ܷሺݔሻሿଶ  ܘଶୄ  ݉ଶ ሽ߮ ሺݔሻ ൌ Ͳǡܷሺݔሻ ൌ െ݁ܣ ሺݔሻǤ(5)


Let us construct two complete sets of solutions with the form (4) and denote them as  ߰ ሺܺሻ and
߰ ሺܺሻ, ߞ ൌ േ with special left and right asymptotics:

Ƹ௫  ߰ ሺܺሻ ൌ   ߰ ሺܺሻǡ ݔ՜ െλǡ
Ƹ௫  ߰ ሺܺሻ ൌ  ୖ ߰ ሺܺሻǡ ݔ՜ λǤ
The solutions  ߰ ሺܺሻand  ߰ ሺܺሻ asymptotically describe particles with given real momenta Ȁୖ 
along the ݔdirection. The corresponding functions ߮ ሺݔሻare denoted by  ߮ ሺݔሻ and  ߮ ሺݔሻ, respectively. These functions have the asymptotics
 ߮ ሺݔሻ


ൌ  ࣨൣ݅ห หݔ൧ǡ ݔ՜ െλǡ

߮ ሺݔሻ ൌ  ࣨൣ݅ห ୖหݔ൧ǡ ݔ՜ λǤ

Solutions  ߰ ሺܺሻand  ߰ ሺܺሻare subjected to the following orthonormality conditions with respect
to the Klein-Gordon inner product on the x = const hyperplane:
ᇲ

൫ ߰ ǡ  ᇲ ߰ᇲ ൯ ൌ ൫ ߰ ǡ  ߰ᇲ ൯௫ ൌ ߞߜǡ ᇲ ߜǡᇲ ǡ
௫

ߜǡᇲ ൌ ߜሺ െ ᇱ ሻߜሺܘୄ െ ܘᇱୄ ሻǡ(6)
ሺ߰ǡ ߰ ᇱ ሻ௫ ൌ ݅  כ ߰ ሺܺሻ൫߲ശ௫ െ ߲Ԧ௫ ൯߰ ᇱ ሺܺሻ݀ܚ݀ݐୄ Ǥ
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Note that for two solutions with different quantum numbers ݊, the inner product ሺ߰ǡ ߰ ᇱ ሻ௫  can be
easily calculated as

൫߰ ǡ ߰ᇱ ᇲ ൯௫ ൌ ࣣሺʹߨሻௗିଵ ߜǡᇲ ǡ ࣣ ൌ ߮ כሺݔሻ൫߲݅ശ௫ െ ߲݅Ԧ௫ ൯߮ᇱ ሺݔሻǤ(7)
Solutions  ߰ ሺܺሻ and  ߰ ሺܺሻ can be decomposed through each other as follows:


߰ ሺܺሻ ൌ ା ߰ ሺܺሻ݃൫ା ห ൯ െ ି ߰ ሺܺሻ݃൫ି ห ൯ǡ

 ߰ ሺܺሻ

ି

ି

ା

ା

(8)

ൌ  ߰ ሺܺሻ݃൫ ห ൯ െ  ߰ ሺܺሻ݃൫ ห ൯ǡ

where the expansion coefficients are defined by the equations
ᇲ

ᇲ

ᇲ

ᇲ

כ

൫ ߰ ǡ  ߰ᇲ ൯௫ ൌ ݃൫ ห ൯ߜǡᇲ ǡ݃൫ ห ൯ ൌ ݃൫ ห ൯ Ǥ
Equation (5) can be written as

ቂ

ୢమ
ୢక

 ߦ ଶ െ ߣቃ ߮ ሺݔሻ ൌ Ͳǡߦ ൌ
మ

ா௫ିబ
ξா

ǡߣ ൌ

మ
గ఼

ா

Ǥ

Its general solution can be written in terms of an appropriate pair of linearly independent Weber
parabolic cylinder functions (WPCFs), either as ܦఘ ሾሺͳ െ ሻߦሿ and ିܦଵିఘ ሾሺͳ  ሻߦሿ or ܦఘ ሾെሺͳ െ ሻߦሿ
and ିܦଵିఘ ሾെሺͳ  ሻߦሿ, where ߩ ൌ െߣȀʹ െ ͳȀʹ.
Using asymptotic expansions of WPCFs, the functions  ߮ ሺݔሻ and  ߮ ሺݔሻcan be constructed as
ା ߮ ሺݔሻ

ൌ ା ࣨିܦଵିఘ ሾെሺͳ  ሻߦሿ ି ݁ క

ି ߮ ሺݔሻ

ൌ ି ࣨܦఘ ሾെሺͳ െ ሻߦሿ  ݁ క

ା
ି

߮ ሺݔሻ ൌ ା ࣨܦఘ ሾሺͳ െ ሻߦሿ  ݁ క

మ Ȁଶ

మ Ȁଶ

ǡߦ ՜ െλǡ  ൌ െߦ ξ݁ܧ

ǡߦ ՜ െλǡ  ൌ ߦ ξ݁ܧǢ(9)

ǡߦ ՜ λǡ  ୖൌ ߦ ξ݁ܧǡ

߮ ሺݔሻ ൌ ି ࣨିܦଵିఘ ሾሺͳ  ሻߦሿ ି ݁ క

 ࣨ

మ Ȁଶ

మ Ȁଶ

ǡߦ ՜ λǡ  ୖൌ െߦ ξ݁ܧǡ

ൌ  ࣨ ൌ ሺʹ݁ܧሻିଵȀସ ݁ గఒȀ଼ Ǥ(10)

Their in- and out-classifications are related to the signs of the asymptotic momenta   and (  ୖsee
Gavrilov, Gitman 2016b). Namely,
ା ߰ ǡ ା ߰ are in-states and ି ߰ ǡ ି ߰ are out-states.
It is useful to construct two different complete sets of solutions of the Klein-Gordon equation (1) that
are not stationary states and can be written as

߰ఙ ሺܺሻ ൌ ߮ఙ ሺݐǡ ݔሻ߮ ఼ܘሺܚୄ ሻǡ(11)
where ߪ is a set of quantum numbers that will be defined below. In this case, the function ߮ఙ ሺݐǡ ݔሻ
satisfies the equation

ሼƸ௫ଶ െ ሾƸ െ ܷሺݔሻሿଶ  ܘଶୄ  ݉ଶ ሽ߮ఙ ሺݐǡ ݔሻ ൌ ͲǡƸ ൌ ߲݅௧ Ǥ(12)
This equation admits integrals of motion in the class of linear differential operators of the first order,
which are
ா
ܻ ൌ െ݅݁ǡܻଵ ൌ ߲௧ ǡܻଶ ൌ ߲௫  ݅݁ݐܧǡܻଷ ൌ ߲ݔ௧  ߲ݐ௫ 
ሺ ݐଶ   ݔଶ ሻǤ
ଶ
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The operators ܻ , ܽ ൌ Ͳǡͳǡʹǡ͵ form a four-dimensional Lie algebra ग़ with nonzero commutation
relations

ൣܻଵ ǡ ܻଶ ൧ ൌ െܻܧ ǡሾܻଵ ǡ ܻଷ ሿ ൌ ܻଶ ǡሾܻଶ ǡ ܻଷ ሿ ൌ ܻଵ Ǥ

Equation (12) can be considered as an equation for the eigenfunctions of the Casimir operator
ܭሺെܻ݅ሻ ൌ െʹܻܧ ܻଷ  ܻଵଶ െ ܻଶଶ ,

െܭሺെܻ݅ሻ߮ఙ ሺݐǡ ݔሻ ൌ ሺܘଶୄ  ݉ଶ ሻ߮ఙ ሺݐǡ ݔሻǤ
At this stage, we follow a non-commutative integration method of linear differential equations
(Shapovalov, Shirokov 1995; Bagrov, Baldiotti, Gitman et al. 2002; Breev, Shapovalov 2016), which allows
us to construct a complete set of solutions based on a symmetry of the equation. An irreducible representation of the Lie algebra ग़ in the space of functions of the variable   אሺെλǡ λሻ is defined by the
help of the operators κ ሺǡ ߲ ǡ ݆ሻ:


κ ሺǡ ߲ ǡ ݆ሻ ൌ ݅݁ǡκଵ ሺǡ ߲ ǡ ݆ሻ ൌ െ߲݁ܧ  ǡ
ଶ



ଵ

ଶ

ଶ

κଶ ሺǡ ߲ ǡ ݆ሻ ൌ ߲݁ܧ  ǡκଷ ሺǡ ߲ ǡ ݆ሻ ൌ െ߲  ݆݅ െ ǡ݆  Ͳǡ
where j parameterises the non-degenerate adjoint orbits of a Lie algebra ग़. The following relations hold
true:

ሾκଵ ǡ κଶ ሿ ൌ െܧκ ǡሾκଵ ǡ κଷ ሿ ൌ κଶ ǡሾκଶ ǡ κଷ ሿ ൌ κଵ ǡ

ܭሺെ݅κሺǡ ߲ ǡ ݆ሻሻ ൌ ሺʹ݁ܧሻ݆Ǥ
Integrating the equations

ൣܻ  κ ሺǡ ߲ ǡ ݆ሻ൧߮ఙ ሺݐǡ ݔሻ ൌ Ͳ(13)
together with the equation (5), we fix ݆ ൌ െߣȀʹ and derive a set of solutions which is characterised by
quantum numbers ߪ ൌ ሺǡ ܘୄ ሻ,
ா ଵ



ଶ ଶ

ଶ

ଶ
ା
ଶ
ା
ି ߮ఙ ሺݐǡ ݔሻ ൌ ି ܥఙ  ቀ݅݁ ቂ  ିݔെ  ݐቃ െ ሾߣ െ ݅ሿ ቀ

േగష
ξ



ቁ െ ଶ ݔା ቁǡ
ா

ߨି ൌ   ݁ ିݔܧǡݔേ ൌ  ݐേ ݔǤ(14)
The parameter  is an eigenvalue of the symmetry operator ݅ሺܻଵ  ܻଶ ሻ:

݅ሺܻଵ  ܻଶ ሻା
ା
ି ߮ఙ ሺݐǡ ݔሻ ൌ 
ି ߮ఙ ሺݐǡ ݔሻǤ
It is possible to interpret the quantum numbers ߪ from the perspective of the orbit method: the
parameter ߣ ൌ ሺ݉ଶ  ܘଶୄ ሻȀሺ݁ܧሻdescribes the Casimir operator ܭሺെܻ݅ሻspectrum and parameterises
the non-degenerate orbits of the co-adjoint representation of the local Lie group ग़ (in this case, the
orbits are hyperbolic paraboloids), and the variation region of the parameter  is a Lagrangian submanifold to these orbits.
In order to classify solutions (11), we define direct and inverse integral transformations that relate
these solutions to solutions (4), which are stationary states, eigenfunctions for the operator Ƹ .
We represent solutions of both equation (5) and
ሺേሻ

ሺേሻ

Ƹ ߮ ሺݐǡ ݔሻ ൌ  ߮ ሺݐǡ ݔሻ
34
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in the following form
ାஶ

ሺേሻ

߮ ሺݐǡ ݔሻ ൌ ሺʹߨ݁ܧሻିଵȀଶ ିஶ  כܯሺ ǡ ሻା
ି ߮ఙ ሺݐǡ ݔሻ݀Ǥ(15)
Taking into account condition (13), the equation for the function ܯሺ ǡ ሻ can be written as:

െ݅κଵ ሺǡ ߲ ǡ ݆ሻܯሺ ǡ ሻ ൌ  ܯሺ ǡ ሻǤ
We choose its particular solution

ܯሺ ǡ ሻ ൌ  ቀ



ସா

ሾଶ െ Ͷ ሿቁǡ(16)

which satisfies the orthogonality relation
ାஶ

ିஶ  כܯሺ ǡ ሻܯሺ ǡ ᇱ ሻ݀ ൌ ʹߨ݁ߜܧሺ െ ᇱ ሻǤ(17)
The inverse to (15) transformation reads:
ାஶ

ሺേሻ

ିଵȀଶ
ା
ିஶ ܯሺ ǡ ሻ߮ ሺݐǡ ݔሻ݀ Ǥ(18)
ି ߮ఙ ሺݐǡ ݔሻ ൌ ሺʹߨ݁ܧሻ

Thus, direct (15) and inverse (18) integral transformation were defined with kernel (16) that converts
solutions (14) into solutions that are eigenfunctions for the operator Ƹ . Applying one of the integral
transformations to solutions (14), we get:
భ

ሺേሻ

ାஶ

߮ ሺݐǡ ݔሻ ൌ ሺʹߨ݁ܧሻିమ ିஶ  כܯሺ ǡ ሻା
 ൌ
ି ߮ఙ ሺݐǡ ݔሻ݀
ൌ

ା
ି ܥఙ ሺͳ െ

మ
బ

݅ሻఘାଵ ݁ మಶ ݁ ିబ௧ ܦఘ ሾേሺͳ

(19)

െ ݅ሻߦሿǤ

Then, comparing the equation (19) with the equations (9)-(10) gives the following correspondence:
ሺାሻ

߮ ሺݐǡ ݔሻ  ା ࣨ ᇱ ݁ ିబ௧ ܦఘ ሾሺͳ െ ሻߦሿ ൌ ା ߮ ሺݔሻ݁ ିబ௧ ǡ
ሺିሻ
߮ ሺݐǡ ݔሻ

ᇱ ିబ ௧

݁ ࣨ ି 

ܦఘ ሾെሺͳ െ ሻߦሿ ൌ ି ߮

ሺݔሻ݁ ିబ௧

(20)

Ǥ

Transformation (18) makes it possible to derive orthonormality relations on the hyperplane  ݔൌ 
for scalar particles constructing with the help of functions ା
ି ߮ఙ ሺݐǡ ݔሻ,
ା
ሺା
ି ߰ఙ ǡି ߰ఙ ᇲ ሻ௫ ൌ േߜఙǡఙ ᇲ ǡ(21)

where
ା
ି ߰ఙ ሺܺሻ

ൌ ା
ି ߮ఙ ሺݐǡ ݔሻ߮ ఼ܘሺܚୄ ሻǡ(22)

and determine the normalising factors ା
ି ܥఙ ,
ା
ି ܥఙ

ൌ

ଵ
ξସగா

݁ గఒȀସ Ǥ

Thus, we obtain:

ሺି ߰ఙ ǡା ߰ఙᇲ ሻ௫ ൌ ݃ሺି ȁା ሻߜఙǡఙᇲ ǡ݃ሺି ȁା ሻ ൌ ݅݁ గఒȀଶ Ǥ
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Let us introduce the following notation:
ሺേሻ

ሺേሻ

ା
߮ ሺݐǡ ݔሻ ൌ ା
ି ߮ ሺݔሻሺെ݅ ݐሻǡ ି ߰ ሺܺሻ ൌ ߮ ሺݐǡ ݔሻ߮ ఼ܘሺܚୄ ሻǤ

It follows from (15) and (18) that
ା
ି ߰ఙ ሺܺሻ
ା
ି ߰ ሺܺሻ

ାஶ

ൌ ሺʹߨ݁ܧሻିଵȀଶ ିஶ ܯሺ ǡ ሻା
ି ߰ ሺܺሻ݀ ǡ
ൌ ሺʹߨ݁ܧሻ

ିଵȀଶ

(23)

ାஶ
Ǥ
ିஶ  כܯሺ ǡ ሻା
ି ߰ఙ ሺܺሻ݀

Let us consider another type of solutions:
ା ߮ఙ ሺݐǡ ݔሻ
ି

ൌ ߠሺെߨି ሻା ߮ఙ ሺݐǡ ݔሻǡ

(24)

߮ఙ ሺݐǡ ݔሻ ൌ ߠሺߨି ሻି ߮ఙ ሺݐǡ ݔሻǤ

The corresponding integral transformation is
భ

ାஶ

ି
כ
ሻߠሺെߨି ሻା ߮ఙ ሺݐǡ ݔሻ݀ ൌ
ା ߮ ሺݐǡ ݔሻ ൌ ሺʹߨ݁ܧሻ మ ିஶ  ܯሺ ǡ 

Г
(25)
భ
ି

ାஶ

߮ ሺݐǡ ݔሻ ൌ ሺʹߨ݁ܧሻିమ ିஶ  כܯሺ ǡ ሻߠሺߨି ሻି ߮ఙ ሺݐǡ ݔሻ݀ ൌ

Г
so that
ା ߮ ሺݐǡ ݔሻ
ି

 ା ࣨ ᇱ ݁ ିబ௧ ିܦଵିఘ ሾെሺͳ  ሻߦሿ ൌ ା ߮ ሺݔሻ݁ ିబ௧ ǡ


߮ ሺݐǡ ݔሻ  ࣨ ି ᇱ ݁ ିబ௧ ିܦଵିఘ ሾሺͳ  ሻߦሿ ൌ ି ߮ ሺݔሻ݁ ିబ௧ Ǥ

(26)

Using functions ି
ା ߮ఙ ሺݐǡ ݔሻ, we construct a new set of solutions
ି
ା ߰ఙ ሺݐǡ ݔሻሺܺሻ

ൌ ඥ݁ గఒ െ ͳି
ା ߮ఙ ሺݐǡ ݔሻ߮ ఼ܘሺܚୄ ሻǡ(27)

which satisfies the following orthonormality relations:
ି
ሺା ߰ఙ ǡି ߰ఙᇲ ሻ௫ ൌ Ͳǡ ሺି ߰ఙ ǡା ߰ఙᇲ ሻ௫ ൌ Ͳǡሺି
ା ߰ఙ ǡା ߰ఙ ሻ௫ ൌ േߜఙǡఙ ᇲ Ǥ

Based on (25) and (17), the integral transformations are
ାஶ

ିଵȀଶ
ି
ିஶ ܯሺ ǡ ሻି
ା ߰ఙ ሺܺሻ ൌ ሺʹߨ݁ܧሻ
ା ߰ ሺܺሻ݀ ǡ
ାஶ

(28)

ିଵȀଶ
ି
Ǥ
ିஶ  כܯሺ ǡ ሻି
ା ߰ ሺܺሻ ൌ ሺʹߨ݁ܧሻ
ା ߰ఙ ሺܺሻ݀
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There exist useful relations between solutions  ߰ఙ ሺܺሻ and  ߰ఙ ሺܺሻ. Each of them is complete for
a given ߪand can be decomposed through another one as follows:


߰ఙ ሺܺሻ ൌ ା ߰ఙ ሺܺሻ݃൫ା ห ൯ െ ି ߰ఙ ሺܺሻ݃൫ି ห ൯ǡ

(29)



ି
ି
ା
ା
 ߰ఙ ሺܺሻ ൌ  ߰ఙ ሺܺሻ݃൫ ห ൯ െ  ߰ఙ ሺܺሻ݃൫ ห ൯ǡ

Equations
ᇲ

ᇲ

ᇲ

ᇲ

כ

൫ ߰ఙ ǡ  ߰ఙᇲ ൯௫ ൌ ݃൫ ห ൯ߜఙǡఙᇲ ǡ݃൫ ห ൯ ൌ ݃൫ ห ൯ 
allow us to calculate coefficients ݃ሺି ȁି ሻand ݃ሺା ȁା ሻ,

݃ሺି ȁି ሻ ൌ െඥ݁ గఒ െ ͳǡ݃ሺା ȁା ሻ ൌ ඥ݁ గఒ െ ͳǤ
We note that the relations (29) are similar to the relations (8) that were established for the solutions

߰
). From (20) and (26) it
  ሺܺሻ and ߰ ሺܺሻ (in this case, the coefficients ݃do not depend on  and 
follows that ା ߰ ǡ ା ߰ are in-states and ି ߰ ǡ ି ߰ are out-states.
From the equation (24) it follows that
ା ߰ఙ ሺܺሻ
ି

ൌ Ͳǡߨି  Ͳǡ

(30)

߰ఙ ሺܺሻ ൌ Ͳǡߨି ൏ ͲǤ

Then, taking into account equations (29) and (30), we get:
ା ߰ఙ ሺܺሻ

ൌ ݃ሺା ȁି ሻିଵ ሾି ߰ఙ ሺܺሻ݃ሺି ȁି ሻ  ି ߰ఙ ሺܺሻሿ ൌ Ͳǡ ߨି  Ͳǡ

ȁି ሻିଵ ሾି ߰ఙ ሺܺሻ݃ሺି ȁି ሻ  ି ߰ఙ ሺܺሻሿ ൌ Ͳǡ ߨି  Ͳǡ
ି

(31)

߰ఙ ሺܺሻ ൌ ݃ሺି ȁା ሻିଵ ሾା ߰ఙ ሺܺሻ݃ሺା ȁା ሻ  ା ߰ఙ ሺܺሻሿ ൌ Ͳǡ ߨି ൏ ͲǤ

ȁା ሻିଵ ሾା ߰ఙ ሺܺሻ݃ሺା ȁା ሻ  ା ߰ఙ ሺܺሻሿ ൌ Ͳǡ ߨି ൏ ͲǤ
Since the coefficient ݃ሺା ȁି ሻ is not zero for all ߪ, the equations (31) imply a direct connection between the solutions  ߰ఙ ሺܺሻ and  ߰ఙ ሺܺሻnormalised on the hyperplane  ݔൌ ,

Thus, using the non-commutative integration method for the equation (12), we obtained in- and
out-states of scalar particles in terms of new solutions (22) and (27), which are non-stationary and are
determined by a set of quantum numbers ߪ. Solutions ሼା ߰ఙ ǡ ା ߰ఙ ሽ describe in-states and solutions
ሼି ߰ఙ ǡ ି ߰ఙ ሽdescribe out-states. It follows from the integral transformations (23) and (28) that the solutions  ߰ఙ ሺܺሻ and  ߰ఙ ሺܺሻare related to the well-known stationary solutions  ߰ ሺܺሻand  ߰ ሺܺሻ(see
Gavrilov, Gitman 2016b).
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