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Abstract. The particles with negative energy might exist in the ergosphere of a rotating black hole due to 
collision or decay. We also know that there might be particles with zero energy in this region. In this paper 
we find out how the geodesic equations depend upon the energy and consider forces which act on  
the particles with zero energy. Also, we investigate the question how these forces for particles with zero 
energy differ from the ones in the case of usual positive energy E. We find out that the forces in the usual 
case are less than in the case of zero energy.
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Introduction

In 1969, Penrose theorized an effect (Penrose 1969) which was called the Penrose process. According 
to this effect the particles with negative energy can exist in the ergosphere of a rotating black hole due 
to decay or collision. The thorough analysis of geodesics for such particles has been done in (Grib et al. 
2014). Later, it was understood that there might be particles with zero energy (Grib, Pavlov 2017).  
This effect is possible due to the fact that the Killing vector  is spacelike in the ergosphere and the 
parameter E, which is the energy with regard to infinity, might be either negative or equal to zero 
(Vertogradov 2015). If we consider the second order geodesic equation, then we obtain Newton’s second 
law of mechanics and it is very interesting how negative or zero energy changes the forces which act on 
the particle. In this paper we will consider only radial movement in the equatorial plane θ = π ∕ 2 and 
forces which act on the particle with zero energy.

The paper is organized as follows. In Section 2 we will discuss some properties of the Kerr metric and 
obtain the geodesic equation in this spacetime. Section 3 represents the discussion of the forces which 
act on the particle with zero energy and their difference to usual case of positive energy. Section 4 is  
the conclusion.

The Kerr metric. General notes
A metric of a neutral rotating black hole is a well-known solution of the Einstein equation obtained 

by Kerr (Teukolsky 2015). The Kerr metric in Boyer-Lindquist coordinates has the following form 
(Chandrasekhar 1983; Poisson 2004; Vladimirov 2009):
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  (2.1)

where, ρ2 = r2 + a2cos2θ; Δ = r2 – 2Mr + a2  
M—is the mass of the black hole and a—is its rotation.

To calculate the force expression, one should know non-vanishing components of the Christoffel 
symbols . In this paper we only consider the case of the equatorial plane = π ∕ 2 . In this case non-
vanishing Christoffel symbols are given by:

  

From (2.2) by using formula:

  (2.3)

(2.2)
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one can easily write the geodesic equation. We are interested only in the radial equation. In the Kerr 
metric it is given by:

  (2.4)

(where τ is the proper time)

In the left-hand side we have a radial acceleration. So, in the right-hand side one should have the radial 
component Fr of the three force divided by the mass of the test body m.

However, one should pay attention only to components   
and  (Landau, Lifshitz 1976). 

The components ,  are not forces because they are the part of the three-covariant 
derivative (as we know from the differential geometry course, the derivative in general case does not 
obey the tensor law transformation).

In the limit of a→0 the leading term in the geodesic equation (2.4) becomes well-known 

 in the Schwarzschild spacetime  which corresponds to the Newton force of the 
gravity attraction.

Comparing to the Schwarzschild case one can find that in the case of the equatorial plane  
θ=π ∕ 2 the leading term  in the Kerr metric has the following connection to the leading term 
in Schwarzschild spacetime .

  (2.5)

From this equation one can easily see that in the limit a→0 we have  as we mentioned 

above. Also, one should notice that . The term  corresponds to 

the Coriolis force. This type of force is absent in Schwarzschild spacetime because  if a→0 pends 
upon the angular momentum of the black hole.

The main goal of this paper is to find out which forces act on the particle with zero energy. To find 
the particle energy one should write down the Lagrangian in Kerr spacetime which has the following 
form:

  (2.6)

From this Lagrangian (2.6) one can easily obtain the energy E and angular momentum L. 

  (2.7)

  (2.8)

From (2.8) one can easily see that the energy E might be either negative or equal to zero in the 
ergosphere of a rotating black hole (e. g., in the region ).
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Forces in the zero energy case
In the previous section we found out that the energy in the ergosphere of a rotating black hole might 

be either negative or equal to zero. In this section we will consider the forces which act on the particle 
with zero energy. For this purpose, let us find out how the radial geodesic depends upon an energy E. 
Substituting (2.7), (2.8) into (2.4), one obtains:

  (3.1)

Now, if we put E = 0 in (3.1), we obtain the second order radial geodesic equation for the particle with 
zero energy:

  (3.2)

As one can see, we have  from the leading term . This is the same term in which  

the Kerr leading term differs from the Schwarzschild one. One can notice that in the case of small rotation 
a2M2 the leading term is negligible. Thus, the analogue the Newtonian force of attraction is negligible 
for the particles with zero energy and small rotation. However, as one can see from Fig. 1, the leading 
term  if E = 0 is bigger than the one with positive energy.

Fig. 1. Leading term
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However, if we compare the Coriolis force for usual particle with positive energy and one with zero 
energy, we can see that for zero energy case the Coriolis force is bigger than in the case of the positive 
force (Fig. 2). We can state this because we have the main condition—the movement forward in time  
i. g.  must be positive. This condition demands the positivity of .

Fig. 2. Coriolis force

Conclusion

In this paper we have considered forces in the Kerr spacetime which act on the particles with zero 
energy. We showed that in the case of the leading term  of the radial geodesic equation, in the case 
of zero energy and of small rotation, nearly vanishes and we have the term which shows how the leading 
term in the Kerr metric differs from the one in Schwarzschild spacetime. It is worth noticing that this 
force component for particle with zero energy is bigger than the one with positive energy. Regarding  
the Coriolis force, the radial component of this force in the case of zero energy is bigger than the same 
component in the case of positive energy. The main result of this paper is that all force components  
for the particles with zero energy are bigger than the ones for particles with positive energy.
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