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Abstract. Storing the main material for additive technologies, i. e. metal powder compositions made from
steels and alloys with low corrosion resistance, is a challenge. We studied the protective ability of coatings
applied by chemical heat treatment (CHT) to the surface of a steel powder, which has low resistance against
atmospheric corrosion. Long-term two-year tests of powder samples with various coating compositions
were carried out at natural atmospheric humidity and ambient temperature in the Northwestern Federal
District of the Russian Federation. The chemical composition of the samples was evaluated before and after
the test. The chemical composition and morphology of the particles were determined by electron microprobe
(EMP) using a scanning electron microscope (SEM). It is shown that coatings applied by the CHT method
do not create continuous protection and accelerate corrosion processes in comparison with the heat-treated
powder of the initial steel.

Keywords: additive technologies, laser powder bed fusion, direct metal deposition, metal powder compositions,
corrosion protection, chemical heat treatment, iodine transport method

Introduction

Additive manufacturing uses metal powders combined into common metal powder compositions
(MPCs). Storing MPC steels and alloys is associated with problems due to low corrosion resistance and
high chemical activity, which, during the storage of powders, can lead to corrosion damage, reducing
the properties of the final products.

There is a technological problem associated with the storage of MPCs, in which partial oxidation
of the surface of the powders occurs upon contact with atmospheric air of natural humidity. Corrosion
damage to powder particles during production involving additive technologies is contaminated with
oxides and other non-metallic inclusions, greatly deteriorating mechanical properties, especially impact
strength. As a result of corrosion, the flowability of powders also decreases, meaning degradation of the
main technological characteristics of the printing powder — something that is especially important for
direct metal deposition (DMD) technology.
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Research of the protective ability of coatings on steel powder against atmospheric corrosion

Protection of metal powders from corrosion is one of the most important practical problems in pow-
der metallurgy and additive technologies. Due to the high dispersion and chemical activity of powdered
metals, corrosion processes occur on them more intensely than on compact metals. In this case, the
methods known to protect solid metals from corrosion are either not productive enough or change some
properties of the metal powder.

These problems may be solved by modifying the surface of metal powders with various coatings,
creating powders of the ‘core-shell” type.

Surface modification can both provide protection against corrosion and/or improve other properties
of the powder: for example, increase the absorption coefficient of laser radiation, which will reduce the
laser power or increase the speed of 3D printing. The cladding of the surface of powder particles creates
a uniform distribution of the applied elements in the resulting sample during laser synthesis, without
significantly changing the chemical composition of the initial alloy.

One of the possible ways to expand the characteristics of available industrial metal powders for pow-
der metallurgy and additive manufacturing is their surface alloying by chemical heat treatment (CHT)
(Borisenok et al. 1981; Lakhtin, Arzamasov 1985; Lobanov et al. 2014; Popov 1962; Solntsev 2009; Xiao-
wei et al. 2005).

Previous studies have focused on the application of coatings to powder materials using iodine trans-
port and its prospects in terms of diffusion saturation of steel and alloys (Bogdanov 2011a; 2011b; 2012a;
2012b; 2016; Khristyuk et al. 2015). Chromium coatings have been obtained on the surface of powder
particles from pure iron, carbon and alloy steels (Bogdanov 2011a; 2011b; 2012a; 2012b).

The most suitable method of obtaining functional coatings on powders, especially micron and nanoscale
ones, is deposition from the gas phase, including gas transport (Bogdanov 2016).

To protect the surface of low-alloy steel, it is advisable to use metals with high corrosion resistance
which are suitable for application using the chemical treatment method, such as Cr, Ti or Al. To ensure
high anticorrosion properties of the surface, a continuous and homogeneous coating layer should be ob-
tained (Lobanov et al. 2014; Solntsev 2009).

Results show that chromium surface treatment improves the corrosion resistance of stainless steel
due to the high concentration of chromium in the diffuse coating layer (Lee et al. 2009). Iodine (Bogda-
nov 2011b) or ammonium chloride has been proposed as a transport agent for a wide range of trans-
ported metals.

Corrosion tests of metal powders in various environments have shown that moisture is the decisive
factor here and that corrosion processes occur exclusively at the interface between the surface of powder
particles and the liquid phase. Thus, a reliable way to protect metal powders against corrosion is to block
the access of moisture to the surface of the powder (Likhtman 1954).

Currently, the industry is witnessing the development of additive technologies; the use of clad pow-
ders makes it possible to obtain the necessary technological properties. Featuring prominently among
them are coatings providing a high level of corrosion resistance.

The purpose of this study was to evaluate the corrosion resistance of steel powders clad with com-
positions based on chromium, titanium and aluminum for protection against atmospheric corrosion
during storage.

Materials and methods

The basis for applying coatings using the CHT method was a steel powder of grade 45ChN2MFA
(which has an average composition of 0.42—0.5% C, 0.8—1.15% Cr, 1.3—1.8% Ni, 0.2—0.3% Mo, 0.1-0.18% V),
obtained using a HERMIGA 75/3 IV type melt spraying equipment. The resulting steel powder was
prepared by sieving the required dispersed composition using LPBF technology (20-63 microns). A comp-
letely martensitic structure of powder particles was formed due to high cooling rates during the spraying
of steel (Fig. 1a). The morphology of the particles was predominantly spherical, but there was a significant
proportion of irregularly shaped particles and particles with surface defects (Fig. 1b).

The microrelief of the surface of powder particles was due to the morphology of the formed structure.
A more developed rough surface was created, which may contribute to better adhesion of the coating
composition.

The chemical composition from the surface of the powder particles obtained via EMP with indication
of the corresponding spectra (Fig. 1) in comparison with rolling is presented in Table 1.
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Fig. 1. Particle structure of the initial steel powder — morphology of the powder particles

Table 1. Chemical composition

Sample Al Si S A\ Cr Mn Fe Ni
Rolling 0.13 0.43 - 0.18 1.00 0.68 95.48 1.67
Spectrum 1 0.21 0.37 0.07 - 1.07 0.68 96.07 1.53
Spectrum 2 - 0.32 0.05 - 1.08 0.80 96.26 1.49
Spectrum 3 0.25 0.24 - 0.24 1.04 0.69 96.26 1.27

Cr, Tiand Al were chosen as cladding metals for the 45ChN2MFA steel powder based on their inherent
corrosion resistance and the possibility of application by the CHT method. The compositions and para-
meters for CHT by the gas transport method using iodine and ammonium chloride are shown in Table 2.
The optimal CHT modes were selected in order to prevent sintering of the powder. Also, to compare the
corrosion resistance of the uncoated 45ChN2MFA steel powder, a powder sample was prepared after heat
treatment (HT) in a vacuum furnace at a temperature of 700 °C and a holding time of 4 hours, which cor-
responds to the thermal cycle at CHT.

Table 2. Receiving modes

of tl?e oélllfci)jiirtnigi;yer Elemﬁgtsz(;:tent, Precipitation method Temperature, °C Time, h
Cr 5 12 600 3
Cr 1 NH4Cl 650 3
Ti/Cr each 0,5 NH4CI 650 3
Ti 0,5 NH4Cl 650 6
Al 1 NH4Cl 650 6

The powder compositions were kept in a chamber protecting them from direct precipitation, but
under conditions of natural atmospheric humidity and ambient temperature of the Northwestern Fede-
ral District of the Russian Federation. The samples of the powder compositions were distributed over
the surface with a layer with a thickness of no more than 1 mm, which ensured the contact of the free
surface of the powders with the atmosphere. The duration of exposure was two years, with the samples
withdrawn for intermediate analysis after the first year of exposure. Thus, this made it possible to assess
the impact of atmospheric conditions of all seasons over two years in this region.

Physics of Complex Systems, 2024, vol. 5, no. 3 113
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The main criterion for assessing the anticorrosion properties of coatings was a comparison of the
chemical composition of samples before and after the test. Based on the specifics of coating the surface
of powder particles by the CHT-method, the chemical composition was determined by electron micro-
probe (EMP) using a scanning electron microscope (SEM). Due to the unevenness of the cladding
coatings and the formation of locally distributed chemical compounds on the surface of the particles
caused by the method of gas transport using iodine and ammonium chloride, the most representative
sites were selected during the research to obtain data on the chemical composition. This method allowed
us to evaluate the chemical composition of the surface of powder particles, considering its morpholo-
gy. The morphology of MPC particles was studied using scanning electron microscopy methods as well
as energy dispersion analysis of the content of mimic elements. Powder samples were examined before
and after the exposure to a corrosive environment.

The flowability of the powders was assessed using a calibrated Hall funnel in accordance with
GOST 20899-98, with bulk density determined in accordance with GOST 19440-94.

Diffuse reflection spectra of steel powders were measured. The spectra were captured using an SF-56
spectrophotometer.

The content of the mass fraction of oxygen in the powder was analyzed using a LECO TC-400 gas
analyzer.

Results and discussion

Deposition of the cladding metal on the surface of the powder changes the surface roughness of the
particles, affecting the flowability and bulk density of the MPC, which are important for the printing
process. To assess the preservation of MPC characteristics after coating, the flowability and bulk den-
sity of the powder samples were measured (see Fig. 2, 3).
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The Cr—1% sample did not have flowability according to the GOST 20899-98 method; accordingly,
bulk density was not determined for this sample. The Al-1% sample was characterized by a noticeable
decrease in flowability in comparison with the initial powder.

After applying cladding coatings, the flowability of the powders and bulk density decreased. MPC
flowability values are especially important for direct energy and material deposition, as well as for pow-
der bed fusion equipment with the top-feed MPC. Flowability values characterize the uniformity of ap-
plication of the cladding composition and the proportion of agglomerated particles during the chemical
treatment process. The values of flowability and bulk density measured for clad powders (except for the
Cr—1% sample), despite the decrease in the technological qualities of the MPC, satisfy the requirements
of the LPBF process and can be used to create experimental samples; however, uneven coating can
critically decrease corrosion protection — to a greater extent than reduction in flowability characteristics
and bulk density.

The decrease in flowability and bulk density for the powder samples under study occurred in different
proportions; for example, for the Al-1% sample, a strong increase in the flow time was established, while
bulk density was comparable to other powder samples. This property is determined by the processes
of agglomeration of powder particles during chemical treatment, which significantly affects the flow time
of the powder through a calibrated funnel, while the bulk density does not decrease significantly.

The results of a qualitative visual analysis of the powder samples with different cladding depending
on test duration are presented in Fig. 4.
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Fig. 4. Comparison of the appearance of powder samples depending on the test time (initial state, 1 year, 2 years):
(a), (b), (c) — initial powder (minor agglomeration); (d), (e), (f) — initial powder + HT (minor agglomeration);
(g), (h), (i) — Cr—5% (color change); (j), (k), (1) — Cr—1% (agglomeration, color change); (m), (n), (0) — Ti/Cr-0.5%
(color change); (p), (q), (r) — Ti—0.5% (color change); (s), (t), (u) — Al-1% (color change)
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The results of flowability and bulk density determined for the powder samples are consistent with
their appearance. All the samples of clad powders are characterized by a color change; the powders ac-
quire a red-brown color characteristic of iron oxide. The initial powder without heat treatment and with
heat treatment did not change its color after testing. All the powders after the test are characterized
by particle agglomeration to varying degrees.

Comparison of surface morphology and chemical composition of powder samples
before and after weathering testing

For MPC samples SEM methods were used to obtain images of the surface of the powder particles
(Fig. 5) before testing and after, following two years of exposure to natural atmospheric conditions.

(b)

(d)
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Fig. 5. Initial powder: (a) before testing, (b) after testing; initial powder + HT: (c) before testing, (d) after testing;
Cr—5%: (e) before testing, (f) after testing; Cr—1%: (g) before testing, (h) after testing; Ti/Cr—0.5%: (i) before
testing, (j) after testing; Ti—0.5%: (1) before testing, (m) after testing, Al-1%: (n) before testing, (o) after testing
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Morphology study shows that clad powders have a layer of applied coating on their surface which
is unevenly concentrated on the surface of the powder particles. Thus, no protection against corrosion
is provided.

Analysis of oxygen content on the surface of the powder particles

To assess the degree of oxidation processes, the oxygen content in the powder samples was measured
depending on the test time. A comparison of the oxygen concentration on the surface of the powder
particles was made before testing, after 1 year and after 2 years (Fig. 6), making it possible to characterize
the intensity of oxidation under test conditions.
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Fig. 6. Maximum oxygen content

The 45ChN2MFA steel contains a small number of alloying elements that can increase corrosion
resistance. The degree of corrosion damage can be assessed by the formation of iron oxides on the sur-
face of the powder particles.

Before testing, the powder samples were arranged in the following order according to an increase
in the oxygen content: initial powder and initial powder + HT (no oxygen detected), Cr—5% (0.1% O,),
Ti-0,5% (1.0% O,), Al-1% (1.5% O,), Ti/Cr-0.5% (7.9 O,) and Cr-1% (16.8% O,). A significant mass
fraction of oxygen in some of the studied powder samples before testing can characterize the quality
of coating application. Apparently, when applying the compositions Ti/Cr—0.5% and Cr—1%, due to high
temperatures and the presence of residual oxygen in the gas environment during chemical treatment,
the powder received corrosion damage.

After testing, the samples were arranged in the following order according to an increase in the oxygen
content and therefore intensity of corrosion damage: initial powder + HT (no oxygen detected), Al-1%
(4.0% O,), initial powder (8.2% O,), Ti/Cr—0.5% (12.6% O,), Cr-5% (25.1% O,), Ti—0.5% (25.6% O,) and
Cr—1% (39.2% O,). This series characterizes the ability of the powder samples under study to resist at-
mospheric corrosion.

Thus, the steel powder showed the best weather resistance after heat treatment; after testing, oxygen
was not detected, which may apparently indicate the formation of a passivated layer on the surface of the
powder particles.

For clad powders, the lowest oxygen content after testing corresponded to the Al-1% sample; the
remaining powder samples were characterized by atmospheric corrosion resistance lower than that of the
initial steel powder.
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It is worth noting that the samples of all the clad powders did not have a continuous surface coating
of the corresponding composition; thus, the CHT method was unable to create a continuous protective
layer against corrosion on the surface of the powder particles, which was confirmed by visual inspection
and measurement of the oxygen concentration on the surface.

Optical properties of core-shell powders on the 4SChN2MFA steel

The absorption capacity of laser radiation with a wavelength of 1,064 nm is an important characteris-
tic for laser synthesis technologies, as it increases the laser power utilization rate during 3D printing
with these MPC powders.

After coating, the MPCs increased their absorption capacity compared to the initial powder (Fig. 7),
which would allow a more efficient absorption of laser radiation power during the laser synthesis process.
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Fig. 7. Degree of absorption of clad powders before and after testing

Also, the optical properties of the clad powders indirectly characterize the formation of oxides on the
surface of particles after corrosion tests. By comparing the degree of absorption of laser radiation before
and after the corrosion resistance tests, we can see an increase in absorption capacity in all the powders.
The absorption capacity increases with a different proportion for each composition: for clad powders
this increase is more intense than for the initial and heat-treated powder.

According to test results, all clad powders have lower resistance to atmospheric corrosion than the
45ChN2MFA steel powder in the initial and heat-treated state. Of all the clad powders, the Ti/Cr—0.5%,
Ti—0.5% and Al-1% samples are the most capable of resisting corrosion damage.

The high corrosion resistance of the MPC steel 45ChN2MFA in the initial and heat-treated state can
be explained by the formation of a thin passivating film and slight segregation of alloying elements. The
low corrosion resistance of clad powders can be explained by the uneven distribution of the cladding
composition and compounds formed during the technological process of applying these coatings using
the gas transport method. Thus, the surface of clad powders during chemical treatment (Khristyuk,
Bogdanov 2018) experiences damage to the passivated layer obtained by spraying the initial powder due
to its high chemical activity; iodine easily reacts with many metals, while their iodides are unstable
compounds (Bogdanov 2012b; Rolsten 1968). Coatings do not create continuous protection and, in natu-
ral humidity, accelerate corrosion processes since the activity of metal films in the form of a coating
on a substrate powder is higher than the activity of the metal powder used to obtain the coating. Films
obtained by iodine transport oxidize and react with the surrounding atmosphere when the initial metal
powder is still inert (Bogdanov 2012a). It is assumed that when the 45ChN2MFA steel powder is heat-
treated, a thin film is created on the surface, the passivating ability of which is sufficient to provide
protection against atmospheric corrosion under the test conditions.

Physics of Complex Systems, 2024, vol. 5, no. 3 121
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Conclusions

1. Powders clad with various compositions have a developed porous surface with an uneven distribu-
tion of the cladding composition and compounds formed during the technological process of applying
these coatings using the gas transport method. Thus, the surface of clad powders during chemical treat-
ment experiences damage to the passivated layer obtained by spraying the initial powder or its heat
treatment. The coatings do not create continuous protection and, in an atmosphere of natural humidity,
accelerate corrosion processes.

2. Powders in the initial and heat-treated state during the production process — spraying the melt
and subsequent heat treatment in a vacuum furnace — acquire a thin passivated layer on the surface
of the particles, which is quite effective against atmospheric corrosion and does not disturb the shape
of the particles.

3. After cladding, MPCs have better energy efficiency during laser melting due to a larger proportion
of laser radiation absorbed by the powder.

4. Cladding of powder materials for additive technologies with various elements can be used for
microalloying finished MPCs in order to change the chemical composition or uniform distribution
of alloying elements prone to segregation.
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Abstract. This study examined the relaxation behavior of the semi-crystalline polymer polyvinylidene fluoride
(PVDF) using the thermally stimulated depolarization (TSD) method. Experimental measurements were
performed on thin PVDF films irradiated with heavy ions Ne**, Xe?** and Bi*** with energies of about
1.2 MeV/nucleon for Ne* and Xe**, and about 3.1 MeV/nucleon for Bi*?*. Analysis of the obtained TSD
spectra revealed the presence of three main relaxation processes at temperatures of around —45 °C, 20 °C
and 40 °C. The subsequent chemical etching of the films was found to lead to the emergence of a new
relaxation process at a temperature of about —10 °C, which may be due to the appearance of a new type
of relaxers on the surface of the tracks.

Keywords: polyvinylidene fluoride, thermal activation spectroscopy, thermostimulated depolarization, track
membranes, swift heavy ions (SHI)

Introduction

Polyvinylidene fluoride (PVDF) has gained widespread recognition in the field of micro-sensor and
actuator development due to its outstanding mechanical, pyroelectric, ferroelectric and piezoelectric
properties, as well as its exceptional biocompatibility (Kawai 1969; Pei et al. 2015). Thanks to these
characteristics, PVDF films are actively used in the creation of skin sensors, implantable medical de-
vices and microactuators (Ryu et al. 2005).

However, the performance of sensors and actuators based on PVDF can be significantly influenced
by various types of radiation, such as ultraviolet, y-rays, X-rays, low-energy ions and high-energy heavy
ions. The interaction of these radiations with the polymer matrix of the sensor can alter various dielec-
tric relaxation processes in PVDF.

Previous studies (Chailley et al. 1995) focusing on the behavior of PVDF under the influence of high-
energy particles revealed that the degree of crystallinity of irradiated a-PVDF decreases depending on the
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dose (or fluence) and the magnitude of the specific energy loss dE/dx of ionizing particles. A difference
was noted between the rates of crystallinity loss for low-energy particles and high-energy ions. At low
doses of irradiation with light particles, such as electrons, oxygen ions and neon ions, amorphization
progresses more slowly compared to irradiation with heavier ions.

It is known that crystallinity is an important parameter that determines the piezoelectric, mechanical,
optical, electrical and even thermal properties of polymers (Calcagno et al. 1994). However, the influence
of high-energy heavy ions (SHI) on the dielectric relaxation properties of PVDF has been insufficiently
studied. In polymers, charge accumulation and decay processes are primarily due to various dielectric
relaxation processes, such as the orientation of permanent dipoles (orientational polarization), interfa-
cial polarization and bulk charge polarization.

In this study, polyvinylidene fluoride (PVDF) films with a thickness of 9 um were subjected to irradia-
tion with various heavy ions, such as Ne*, Xe*** and Bi**, with energies of approximately 1.2 MeV/nucleon
for Ne and Xe and around 3.1 MeV/nucleon for Bi, as well as to etching with different exposure times. The
fluence for each type of ion remained constant at approximately 10° cm™. At these specified energies, the
ion ranges for Ne, Xe and Bi in PVDF are 13, 19 and 42 pm, respectively.

Thermally stimulated depolarization (TSD) current spectra were used for the analysis. TSD spectra
provide a substantial amount of information about dielectric relaxation processes in the studied samples
(Bhardwaj et al. 1983; Gorokhovatsky, Temnov 2007; Quamara et al. 2004; Sessler 1980).

Experimental results and discussion

The influence of ionizing radiation on relaxation processes in PVDF

Fig. 1 shows the TSD spectra of a thin polyvinylidene fluoride (PVDF) film irradiated with heavy ions
Ne*, Xe*** and Bi***, obtained under a polarizing electric field strength of 100 V/mm and a polarization
temperature of 70 °C.
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Fig. 1. TSD spectra for PVDF irradiated with heavy ions Ne*, Xe*** and Bi***
at a heating rate of 9 °C/min and a polarization temperature of 70 °C

Within the temperature range of 0—60 °C, two relaxation processes are observed, typically attributed
to ac-relaxation. This relaxation is associated with the dipole-segmental mobility that develops in the in-
termediate region between the amorphous and crystalline phases. The unfreezing of dipole mobility can
occur near defects in the molecular chain (presumably around 20 °C) as well as due to oscillations relative
to the C-C chain in the crystalline phase of the polymer (presumably around 40 °C) (Dmitriev et al. 2008).

Polarization of samples at 20 °C allows us to distinguish the relaxation process associated with defect
formation within the volume of the polymer during its irradiation with ions of various types.
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Fig. 2 shows the dielectric spectra (TSD spectra) for PVDF films obtained at a polarizing electric field
intensity of 100 V/mm and a polarization temperature of 20 °C.
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Fig. 2. TSD spectra for PVDF irradiated with heavy ions Ne*, Xe*** and Bi®**
at a heating rate of 9 °C/min and a polarization temperature of 20 °C

It is evident that the maximum of the relaxation process around 20 °C, under Bi ion irradiation, shifts
towards higher temperatures, while the intensity of the corresponding TSD peak decreases compared
to both the pristine polymer and polymers irradiated with Ne** or Xe**ions. This indicates a reduction
in the number of mobile molecular segments along with an impediment to their molecular mobility.
Indeed, regardless of its crystalline phase, PVDF occupies an intermediate position between polymers
that crosslink and those that degrade under irradiation. As the irradiation dose increases and approaches
the so-called gel fraction Dg, which ranges from 10 to 35 kGy for PVDEF, the dominant chain scission
process begins to compete with the crosslinking process, ultimately leading to reduced mobility of mo-
lecular chains at lower irradiation doses.

In Fig. 3, the values of the activation energy of the relaxation process are presented as a function of ion
charge, calculated using the method of varying the heating rate (Karulina et al. 2024). For irradiation
with Bi ions, the activation energy is determined as 0.87 eV, which exceeds the activation energy of this
relaxation process in the original unirradiated polymer by 0.2 eV.

0,95 4

0,90 - +
0,85 gt

0,80 T
s ] g
LLI-N 0,75 -
T, A

0,65

0,60

T T T T T T T T T T T T 1
0 10 20 30 40 50 60
Z

Fig. 3. Dependence of the activation energy on the charge of the incoming ion
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The influence of etching on relaxation processes in PVDF

Fig. 4 shows the TSD spectra for PVDF films irradiated with Xe** ions and subjected to chemical
etching for varying durations.
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Fig. 4. TSD spectra for PVDF irradiated with heavy ions Xe** and subjected to etching of various durations
at a heating rate of 9 °C/min and a polarization temperature of 20 °C

Etching involves the penetration of small-sized etchant molecules into the core of ion tracks and
selective cleavage of chemical bonds within the degraded core through chemical reactions (Apel, Fink
2004). This can lead to the formation of new relaxors in the vicinity of the track walls. In the TSD spec-
tra, this manifests itself as the emergence of a new peak at around -10 °C, absent in the films not sub-
jected to etching. Its intensity increases with prolonged etching time, correlating with the increased
surface area of tracks. The activation energy of this process, calculated using the method of varying the
heating rate, was determined as 0.81 eV.

Conclusions

1. In the temperature range of 0-20 °C, two relaxation processes were identified using the TSD
method: a, at around 20 °C (observed in both etched and non-etched irradiated films) and «, at around
10 °C, observed only after etching.

2. Increased mass and energy of ionizing ions lead to reduced molecular mobility near forming mo-
lecular chain defects and a decrease in the number of mobile chain elements, consequently reducing the
intensity of the TSD peak associated with the a, relaxation process. The activation energy of the a re-
laxation process varies from 0.67 eV for the pristine polymer to 0.88 eV for the polymer irradiated with
Biions.

3. The a, relaxation process is linked to the appearance of a new type of relaxors on the track sur-
faces resulting from chemical etching of the samples. Accordingly, its intensity increases with prolonged
etching time. The activation energy of the «, relaxation process is 0.81 eV.
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Abstract. This paper deals with experimental studies of ionization waves igniting the breakdown in long
discharge tubes in neon at low pressures. Ionization waves were produced by rectangular voltage pulses
applied to the high-voltage electrode of the discharge tube. Our research focused on concentration measurements
of neon excited atoms at the metastable 1s,(°P,) level after the ionization wave passage and the breakdown
termination. We also found the characteristic decay times of these states and the most significant elementary
processes responsible for metastable atom deactivation.

Keywords: gas discharge, gas breakdown, ionization wave, afterglow, neon plasma, low pressure, metastable
atoms, elementary processes

Introduction

Ionization wave (IW) is an electric field solitary wave formed by volume and surface charges and
propagated along a gas discharge tube in the form of an ionization front (Lagarkov, Rutkevich 1994;
Vasilyak et al. 1994). Due to high field strength at the IW front, high-energy electrons produce intensive
ionization and excitation of the gas atoms in the time interval of 10~ — 10-%s, which eliminates heating.
That is why IWs are used in longitudinally pumped lasers and fast gas discharge switches (Ashurbekov
et al. 2000).

Atoms in metastable states play a significant role in the gas discharge. Some papers (Ashurbekov et al.
2000; 2015; Shakhsinov, Ramazanov 2013) analyze their influence on the dynamics of high-speed I'Ws
(v > 10° ¢cm/s) in long capillary tubes. The movement of the I'W front is accompanied by inelastic colli-
sions of high energy electrons with atoms, which leads to the population of metastable levels in addition
to ionization. High metastable atom concentration leads to the production of a significant number
of high-energy electrons due to second-kind collisions (Raizer 1991). This process affects the radial
profile of the I'W radiation and the distribution of ionized particles at the front.

The characteristic decay time of the metastable state is much lower than the diffusion one according
to the measurements that have been made immediately after the IW passage through the discharge

129
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gap in (Ashurbekov et al. 2000; 2015; Shakhsinov, Ramazanov 2013). This fact indicates the predominance
of other channels of their deexcitation. Inelastic collisions with electrons whose concentration is high
after the IW passage could be one of them.

Usually, the second electrode of the discharge tube is grounded, which leads to glow discharge igni-
tion after the breakdown. Thus, it becomes impossible to observe plasma decay after the propagation
of the pre-breakdown IW only. This motivates us to work with a single-electrode discharge (Shishpanov
et al. 2020). It consists of only repetitive passages of IWs with a frequency of that of high-voltage pulses
applied to the tube electrode. A glow discharge does not occur in this case, and all excited atoms form
at the breakdown stage only. Such discharge mode provides new information about the I'W due to en-
hancement of its observability. A single-electrode breakdown creates a short current pulse, the duration
of which is equal to the movement and IW disintegration time (< 10 ps). The beginning of the breakdown
afterglow was determined by the IW registration at the opposite tube end using oscillograms of optical
signals.

These features of the single-electrode mode motivated us to measure neon metastables’ density in the
breakdown afterglow, averaged over the tube cross section. We created breakdowns by a positive polarity
voltage and chose the pressure range such that the I'W front propagates most uniformly across the tube
cross section (Starikovskaya 2000). The observation point was taken at a 20-cm distance from the initia-
ting electrode in order to reduce the influence of the possible ring structure of the IW front near the
high-voltage anode on the measurements, as was previously observed, for example, in helium at pressures
over 10 Torr (Asinovskii et al. 1984). In this research we measured the metastables’ densities at different
breakdown voltages and several gas pressures after IW propagation.

1 2
u

Osc.

Osc.

13

3

Q3 4

Fig. 1. a — schematic diagram of the experimental setup; b — optical scheme. 1 — unconnected electrode,
2 — grounded electrode, 3 — high voltage electrodes, 4 — radiating tube, 5 — absorbing tube, 6 — diaphragm,
7 — lens, 8 — optical fiber, 9 — monochromator, 10 — PMT, 11 — pulse generator, 12 — switch,
13 — compensated high voltage divider, 14 — high voltage power supply, 15 — resistor (0.4 kQ),
16 — resistor (0.25 MQ)
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Experiment

Fig. 1a shows a schematic diagram of the setup for measuring radiation absorption using the ‘two
tubes’ method (Huddlestone, Leonard 1965). The aim of the diagnostics is to obtain data on the concen-
tration of atoms in metastable states after the I'W propagation through the discharge tube. Two parallel
discharge tubes with neon, spaced by 40 cm, were used. The inner diameter of each tube was 1.5 cm,
and the interelectrode distance was 60—80 cm. The tube electrodes (1-3) were made of aluminum and
had the shape of a hollow cylinder, whose edges were covered with ceramic rings to prevent metal sput-
tering. One of the tube contained DC discharge in neon (p = 0.6 Torr, i = 3—3.5 mA) without stratifica-
tion and was used as a radiation source (4). The decaying plasma in the afterglow of a single-electrode
breakdown in the parallel tube (5) with neon at pressures from 0.6 to 10 Torr was used as the absorbing
medium. Light from the source passed through the 0.5 cm diaphragm (6) and was then focused by the
lens (7) onto a tube with an absorbing medium according to the diagram in Fig. 1b. Then, the light was
collected by an optical fiber (8), aligned perpendicular to the tube axes and transmitted to the mono-
chromator (9) with a photomultiplier (10).

To obtain reliable data, optical signals from different breakdown pulses were accumulated. It was
necessary to generate identical I'Ws to use such recording scheme. We ensured the same initial condi-
tions in every discharge pulse, the main of which was the exciting voltage. The IW and subsequent
breakdown were initiated by a rectangular voltage pulse of positive polarity applied to the tube
electrode. The pulse rise time (=50 ns) was shorter than the average breakdown delay time. Thus, the I'W
appeared after the moment when the pulse voltage reached a constant U/ value which could be varied
in the range of 0.6—4.5 kV. 10 ms pulses were produced at frequencies of 1-5 Hz by the circuit consisting
of a generator (Tektronix AFG3022C control oscillator (11)) and a fast switch (12). A compensated high-
voltage divider (13) was connected to the oscilloscope showing the voltage behavior at the high-voltage
electrode during the breakdown. When a triggering pulse from the generator was applied, the switch
connected the high DC voltage power supply (14) with the electrode through a ballast resistor (15). The
resistor (16) 0.25 MQ connected in parallel to the tube provided the appropriate trailing edge of the high
voltage pulse (pulse decay time ~ 200 ns) due to the tube charge removal to the ground after switch
disconnection.

The concentration of neon excited atoms at the metastable 1s,(°P,) level has been measured by the
spectrum line absorption method. For this purpose, we used neon spectral lines A = 640.2 nm and
A = 614.3 nm. The light source was the plasma of the positive column of the neon glow discharge at low
pressure, and the absorber was the afterglow plasma. The emission and absorption line profiles have
been chosen Doppler with the gas temperature of 7 = 300 K. Collisional (van der Waals) broadening
Av_was estimated as follows. According to (Ochkin 2009),

Ave = 1.30 x NCg2/>v3/5

where N — concentration of unexcited atoms, v — average particle velocity and C, — van der Waals
interaction constant, fgr which estimates and analysis of experimental data give the value in the range
of 10730 — 10732 % Then, the upper estimate for the Av_value taken for the largest pressure of 10
Torr turned out to be Av_= 3 x 10° s™!, whereas the Doppler width is Av, ~ 1.3 x 10? s™". In the experi-
ment, the absorbed proportion of radiation was ~ 0.8—0.95, which indicates a low absorption coefficient
and hence, a small possible role of Lorentzian collisional wings. From these considerations, we considered
the line profile as the Gaussian (Doppler) one.

For calculations the radial concentration distribution of metastable atoms was considered to be:
M(r) =M(0) x J, (% ,u), where / is the first kind Bessel function of zero order, R is the tube radius and
p ~ 2.405 is the first root of the Bessel function. It is worth noting that this assumption did not signifi-
cantly affect the result which was the M value averaged over the tube cross section.

Experimental results

The peculiarity of the single-electrode breakdown mode is that the current pulse duration (< 10 ps)
associated with the IW passage is much shorter than that of the discharge afterglow. Thus, the decay
of metastable states was observed with no sources of their population, except for the IW. Fig. 2(a) shows
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the time dependence of concentrations at fixed pressure for different breakdown voltages. By fitting them
to the exponential function, the metastable densities at the moment of breakdown M, and their cha-
racteristic decay times T have been measured. The relative error for T was < 10% and for M, < 15%. The
main result of this experiment is the fact that an increase in the breakdown voltage leads to an increase
in the number of metastable atoms remaining after the IW passage. It should be noted that the curves
can be approximated by a linear dependence in a logarithmic scale, confirming that the concentration
decreases exponentially with the same 7 for all voltages. The curves obtained at a fixed breakdown vol-
tage but various pressures are shown in Fig. 2 (b), while the results of their processing are in Table 1.
One can see that 7 depends on pressure non-monotonically with the maximum at p = 3 Torr. The con-
centration M grows with increasing pressure, which agrees with the results of other works (Ashurbekov
et al. 2000; 2015; Shakhsinov, Ramazanov 2013).

10" T T T 10! T T T

cm”

*
.

N

i, ms

Fig. 2. Time dependences of concentrations of metastable (1s,) neon atoms
(a) at different U, p = 3 Torr; pulse frequency is 1 Hz; voltage pulse duration is 10 ms
-25kV,-3kV, -3.5kV, —4kV, —4.5kV.
(b) at different p. U, = 3 kV, for 1 Hz and 10 ms.
— 10 Torr, — 5 Torr, — 3 Torr, — 1 Torr, — 0.6 Torr

Table 1. Results of approximation of the experimental time dependence
of the metastable atom concentration and results of theoretical calculations

p, Torr 7, ms T, ,ms M,, cm™ x 10"
0.6 0.30 0.33 £ 0.03 2.0+0.3
0.46 0.45 + 0.05 4.2+0.5
3 0.87 1.0+0.1 4.5+ 0.6
0.74 0.74 + 0.07 7.0+1.0
10 0.54 0.65 £ 0.05 9.0+1.5

Results and conclusions

We examined the possible channels of the metastable atom decay under the studied conditions. One
of them is the diffusion to the discharge tube wall with subsequent deexcitation on it. This process is the
most significant at low pressures. The excited atom diffusion lifetime can be expressed in the following

2
way (Raizer 1991): %, where A = R/2.405 is the effective diffusion length for a cylindrical tube, and D is the

diffusion coefficient. Another channel of the excited atoms’ decay is the mixing of excited states by atom
collisions:

Ne(1ss) + Ne —» Ne( 1s,) + Ne

Since the 1s, level is resonance, its concentration is substantially less than that of metastable atoms,
so the reverse process was not factored into the calculations.
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The dimer formation by collisions and ionization by collisions with other metastable atoms (chemo-
ionization) were also taken into account.

Ne(lss) + Ne + Ne —» Ne;, + Ne —» Ne + Ne + Ne + hv

Ne(lsg) + Ne(1ss) » Net + Ne+ e
- Nes +e

The analysis of the obtained data as part of the proposed model was limited only to the above-men-
tioned processes. Therefore, the balance equation for the metastable atom concentration can be written
as follows:

aMm ((DN)
dt = “A2N

M + K,NM + K,N2M + K, M?),

where M is the concentration of atoms at the metastable 1s_ level averaged over the tube cross section
N — concentration of unexcited atoms,

DN = 6.2 x 10 —

cm-S

(these and subsequent data are taken from (Dyatko et al. 2006)),

3
K =49 x107" % is the rate constant of excited states’ mixing,

6
cm

K,=5x10* is the rate constant of three body quenching,

N
3

K, =3.8x107" % is the rate constant of chemo-ionization.
Since the contribution of chemo-ionization appears to be negligible, the solution can be represented
in the exponential form:

(DN)
AZN

M =My exp [—2] = My exp [~t(oe + KN + K;N? + K3 M), 1)
where M| is the concentration of metastable atoms at the moment of time just after the IW passage.
It is important to note that one more process of the metastable 1s, level quenching, viz. collisions

with thermal electrons
Ne(1lsg)+e = Ne(1lsy) +e

should be considered. The rate constant for it is K, = 1x10"7 x cm®/s (Dyatko et al. 2006). Unfortu-
nately, we have no information on the electron number density 7, in the afterglow. However, it was shown
under similar conditions for the IW in argon (Dyatko et al. 2021) that the #, value varies strongly with
the voltage pulse amplitude (two-fold increase in the voltage results in an order of magnitude growth
in ). So, this reaction should lead to dependence of the decay curves on the pulse voltage, which is not
the case (Fig. 2a). Hence, this process can be considered unnoticeable.

The decay times for different pressures were calculated according to (1), and their comparison with
experimental data is given in Table 1. Note that the t dependence on pressure is non-monotonic. For
low pressures, the experimental and calculated 7 values are close to each other. In these conditions, dif-
fusion to the tube walls is the predominant decay channel. Despite the discrepancies in the measured
and estimated values for the higher pressures, the 1(p) dependence is qualitatively the same in the theo-
retical calculation and in the experiment. This confirms the correctness of the proposed model. It also
follows from the above estimations that the diffusion and mixing of excited states by atom collisions
in the investigated pressure range are the dominant metastable atom decay processes.
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Abstract. In this paper we analyse chaotic states in a system of coupled Duffing oscillators. The concept
of quasienergy of a system is introduced in a way similar to the concept of quasienergy of a quantum
mechanical system driven by an external periodic field. We show that in the absence of a connection between
the oscillators in the system under consideration, chaotic states with the same value of quasienergy, but
different values of the angular momentum are realized when the external influence changes. This fact can
be interpreted as the existence of degenerate chaotic states of the system. A numerical experiment shows
that taking into account the interaction between oscillators leads to the splitting of quasienergy, similar
to the splitting of the quasienergy level in a quantum mechanical system.

Keywords: nonlinear dynamics, chaotic states, chaotic attractor, probability density, quasienergy, degenerate
states, numerical experiment

Introduction

Chaotic states in dissipative systems described by equations of nonlinear dynamics have a number
of features specific to systems whose states are determined by linear equations. This is explained by the
fact that over time, the chaotic states of dissipative systems tend towards a certain set in the phase space
called a ‘strange attractor’ or ‘chaotic attractor’ (Loskutov 2007). The state described by the chaotic
attractor can be characterized by the probability density, which determines the probability of finding
a system in a given region of phase space (Sagdeev et al. 1988). The average values of various quantities
characterizing these systems can be calculated using probability density, just as it is done for other sys-
tems described by probability density: for example, for systems with a large number of particles or quan-
tum mechanical systems.

The equation for the probability density of a system characterized by a chaotic attractor is a linear
equation, similar, for example, to the Schrodinger equation for a wave function, the modulus square
of which also determines the probability density (Liaptsev 2019). The linearity of the equation for proba-
bility density implies a number of properties characteristic of systems described by linear equations.
In particular, the response of the system to small perturbations is small and proportional to the small
parameter characterizing the perturbation (Liaptsev 2020). This makes it possible to apply perturbation
theory in the same way as it is applied to systems described by the equations of quantum mechanics.
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It should be noted, however, that when considering a quantum mechanical system in an external field,
it is necessary to consider a more general equation for the density matrix instead of the Schrodinger
equation (Blum 2012). With sufficiently strong external fields, the system of equations becomes nonlinear.
For external fields of optical frequency, such effects are widely studied in a variety of works on nonlinear
optics (Allen, Eberly 1987; Andreev et al. 1993; Bayramdurdiyev et al. 2020; 2021; Benedict et al. 1996;
Ryzhov et al. 2016; 2017; Ryzhov et al. 2019; 2021a; 2021b).

Other features of the chaotic states of dissipative systems described by the equations of nonlinear
dynamics are properties reflecting the symmetry of such systems. These properties are manifested, for
example, in the polarization of radiation from such systems (Liaptsev 2014; 2015). The polarization
properties, characterized in particular by the Stokes parameters, are similar to the polarization proper-
ties of symmetric quantum mechanical systems in degenerate states. This allows us to make the assump-
tion that the chaotic states of dissipative systems can also be degenerate in a certain sense.

For systems whose description is based on the laws of quantum mechanics, degeneracy is defined
as the existence of several states having the same energy. It should be noted, however, that systems whose
state tends towards a chaotic attractor are open systems, so that the energy of such systems, if any can
be determined, is not conserved over time. However, in most cases, chaotic states in such systems arise
when the system is subjected to external periodic influence. These systems include, in particular, such
model systems as a nonlinear oscillator and a mathematical pendulum located in an external periodic
field (Duffing 1918; Grinchenko et al. 2007; Hacken 1978; Kuznetsov et al. 2002; Moon 1987; Sagdeev
etal. 1998). These physical systems have one degree of freedom, and the corresponding equations of non-
linear dynamics in an external periodic field are reduced to a system of 3 differential equations of the
1% order. Therefore, such systems are sometimes called systems with 1.5 degrees of freedom. In the
problems considered by quantum theory, when describing systems that are driven by an external perio-
dic field, the concepts of quasienergy and, accordingly, quasienergetic states are used (Bordo et al. 1984;
Delone, Krainov 1999; Kiselev, Liapzev 1990; Lyaptsev 1994; Zel'dovich 1973). The time-dependent
Schrodinger equation for such systems has the following form:

ihaa—\f =(H,+V()¥ (1)

where H  is a Hamiltonian in the absence of an external field, and V(¢) is a periodic function of time.
According to Bloch’s theorem, the solution of this equation can be represented as a superposition of so-
lutions of the form:

W(r) = exp{—%] w(0) | @

where y(t) is a wave function that periodically depends on time with the period of the external field.
By definition, the E value is called quasienergy, and y(t) is the wave function of a quasienergetic state
(QES) (Zel'dovich 1973). As in the case of stationary states, QES can be degenerate, that is, several dif-
ferent wave functions can correspond to one value of quasienergy.

When considering dissipative systems described by equations of nonlinear dynamics, the density
matrix corresponding to the chaotic attractor also turns out to be periodically time-dependent. This
means that for such systems it is also possible to define the concept of quasienergy, using, for example,
the limiting transition from quantum mechanics to classical theory. Below, we will apply a similar ap-
proach to describe a model system of coupled Duffing oscillators and show that degenerate chaotic states
can occur in this case. As it will be shown, the degeneracy in this case is due to the symmetry of the
problem, and with a decrease in symmetry, an effect similar to splitting energy levels with a decrease
in symmetry in a quantum mechanical problem may occur.

Quasienergies of chaotic states of systems driven by an external periodic field

Let us consider, for simplicity’s sake, the case of one-dimensional motion of a single particle in a field
with potential energy U(x,t), which depends on the coordinates of the particle x and also periodically
depends on time. The Hamiltonian included in the Schrodinger equation (1) can be written as:
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Substitution of a solution of the form (2) into the Schrodinger equation leads to the equation for the
QES:

2

e (E—Uyy +ihy =0 .
2m

Here and further, the strokes indicate the derivatives of x, and the dot above the symbol is the derivative
of ¢. The limiting transition to the classical description is carried out by defining the function o(x,t)
(Landau, Lifshitz 1977):
=exp o
4 i

The equation for the function o(x,t) has the following form:

Lioyp-Poris=£-U.
2m 2m

The transition to the classical description is carried out by the representation of the function o(x,¢) in the
form of a power expansion of the Planck constant:

2

h h

O=0,+—0,+| —| O,*t....
l l

In zero approximation, we obtain the equation:

1oy
—(0'0) +6,=E-U .
2m

This equation coincides with the Hamilton—Jacobi equation for the action function:

r\2 .
L(S ) +U+8=0,
2m
if you put:
S=o0,-Et . (3)

According to the periodicity of the function y(x,t), the function ,(x,?) must also be periodic. This
is fulfilled within the classical limit if the classical solution x(¢) is a periodic function. Indeed, the La-
grangian:

-2

L(x,t) = 2x—m—U(x, 0)

is in this case a periodic function of time. The action is determined by an integral, which, in accordance
with expression (3), can be represented as:

S=[ Lt)dt, =-Et+0,(t) .

It can be seen from this expression that in the case of a periodic solution x(¢), quasienergy can be defined
by the following expression:
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ty+T

E=—— [ Lty ==(L(0)), @)

1
T
where T is the period of the function U(x,z), and the symbol <> indicates the average value of the La-
grangian over the period.
Note that the explicit calculation of quasienergy can be carried out analytically, for example, in the

case of a harmonic oscillator with attenuation driven by an external periodic field. The corresponding
equation for the oscillator can be written as:

¥+ yX+wix = fcos(wt).

The calculation of quasienergy using formula (4) in this case leads to the expression:

__r
E_4(a)02—a)2) '

This expression corresponds to the quasienergy for an atom in a strong electromagnetic field. The cor-
responding corrections due to the periodic field are called the dynamic Stark effect (Delone, Krainov
1999).

This expression obtained for a periodic solution can be generalized to chaotic solutions of one-di-
mensional dissipative systems in a periodic field (a Duffing oscillator, a pendulum in a periodic field).
The dynamic system of equations for such systems has the form (Grinchenko et al. 2007):

xX=v,
v=F(x)—yv+ f(x)cos(), (5)
O =0.

In these equations, F(x) is the force acting on the oscillator, y is the dissipation coefficient, fix) is the
amplitude of the external field, depending on x, w is the frequency of the external field, the variables
x and v correspond to the coordinate and velocity, and the variable ¢ is cyclic with a period of 27z. The
chaotic state corresponding to the strange attractor can be described using the probability density p(x,v,),
which satisfies the partial differential equation (see, for example, (Liaptsev 2020)):

a)a—p+v a—'O+(F—;/v+fcos(gz)))a—p:0. (6)
o ox ov

It is convenient to represent the three-dimensional phase space of the system under consideration in the
form of a torus with the closure of the variable ¢. The probability density determined by equation (6)
must be normalized by one. Averaging over the time variable in expression (4) in the presence of a chao-
tic attractor should be replaced by averaging over the entire phase space:

E= _<L> = _j L(x,v,)p(x,v,p)dxdvdp. )

Note that when performing calculations, it is not necessary to calculate the density matrix. An equiva-
lent result can be obtained by calculating the average value of L for each of the time periods, followed
by averaging over a large number of periods.

Finally, the expression for quasienergy (7) can be easily generalized to the case of more complex sys-
tems, for example, coupled oscillators (Liaptsev 2023). In this case, the averaging is simply carried out
over the whole phase space, which has dimension 2#+1/2, where 7 is the number of degrees of freedom
of the system in question.

A model of coupled Duffing oscillators

In systems described by quantum theory, the degeneracy of states with a given energy (also with
a given quasienergy) can be due to the symmetry of the system. In this case, the symmetry group must

138 https://www.doi.org/10.33910/2687-153X-2024-5-3-135-145



https://www.doi.org/10.33910/2687-153X-2024-5-3-135-145

A. V. Liaptsev

contain non-commuting transformations (Landau, Lifshitz 1977; Petrashen, Trifonov 2009). One of the
simplest of such groups is the symmetry group C, . The simplest model having such symmetry, the solu-
tions of which can be chaotic, is the model of coupled Duffing oscillators. We will consider three sym-
metrically arranged oscillators with a nonlinear dependence of force on displacement, connected in pairs
by an elastic force. The periodic forces acting on each of the oscillators have the same frequency w, but
may differ in phase. The scheme of such a model is shown in Fig. 1.

Jfeos(awt+qr)

Jeos(art+,) WW\/%(COS(W +,)

Fig. 1. A model of three coupled Duffing oscillators

The system of dynamic equations for such a model has the form:

X =N
X, =V,
X; =y,
v =F(x)—yv —k(2x, —x, —x;)+ f cos(@+ @), (8)

v, = F(x)—yv, —k(2x, —x, = x;) + f cos(p+ p,),
vy = F(x) = yvs —k(2x; —x, —x,) + f cos(p + ¢,),
P =wo.

The coefficient k in the equations characterizes the magnitude of the interaction between the oscillators.
In the special case, at k = 0, there is a system of oscillators not connected by elastic forces.

Harmonic approximation

The system of equations (8) can be solved in the special case when the force F(x) linearly depends
on the displacement: F(x)= —a)(f x . The general solution corresponds to a superposition of forced
harmonic oscillations. The normal modes of free undamped oscillations (solution of the system of equa-
tions (8) at f = y = 0) can be classified by irreducible representations of the symmetry group C, . The
displacements corresponding to these fluctuations are shown in Fig. 2.

Fig. 2. Displacements corresponding to normal modes of oscillation
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The displacements in Fig. 2a correspond to a full-symmetric oscillation (representation A,), and the
displacements in Figs. 2b—2c are oscillations with one natural frequency (representation E). In this case,
the vibrations of #_and u_are symmetrical and asymmetrical with respect to the reflection in the plane,
which is projected onto a vertical line in the figure. Normal coordinates can be expressed in terms of dis-
placements X, X, and X,

1
Uy =—=(x, +x, +x,),

3
1
u, :ﬁ(x2 —x3),
1

u, =—=(2x,—x, —x,).

© e

Note that for k = 0, the considered model consists of three unconnected oscillators. As it is easy to show,
in this case all three frequencies of free normal oscillations coincide.
In the new variables, the system of equations (8) is reduced to the form:

Uy =W,
u . =w,,
u,=w,

.
Wy = =@ Uy — YW, +

+ (cosgo(cos @, +COS @, +C0s @, ) —sin ¢ (sin @, +sin @, +sin go3)),

R

~

+—(cos @ (cosp, —cos @, )—sinp(sinp, —sin g, )),

=

. 2
v, =—wyu, —yw, —3ku, +

+ (cosqo(2cos @, —C0s @, —cos @, ) —sin ¢ (2sin ¢, —sin @, —sin go3)),

S~

Q=0.

As can be seen from the resulting system of equations, the amplitude of steady-state oscillations of dif-
ferent symmetry depends on the phase ¢, ¢, and ¢,. In particular, at ¢, = ¢, = ¢,, only full-symmetric
oscillations are excited. On the contrary, with ratios ¢, =—@, = ¢, £ 27 /3, only oscillations with coor-
dinates #_and u_ are excited.

The normal oscillations of # and u_ can be considered as oscillations of a two-dimensional harmonic
oscillator. In quantum theory, the excited state of such an oscillator is completely determined by two
constants: the energy of the state E and the angular momentum M (Messiah 1999). In general, several
states with different values of M can correspond to one energy level. Free oscillations with coordinates
u and u have the same natural frequency; however, the phases of these oscillations may not coincide,
which is analogous to the degeneracy of a quantum two-dimensional oscillator. In this case, an addi-
tional parameter that determines the state of the excited system of oscillators is the angular momentum,
which in this case can be determined as follows:

M=uw, —uw,.

Since the choice of coordinates # and u_ depends on the choice of the plane of symmetry, it is convenient
to convert the angular momentum to the original coordinates and velocities, resulting in the expression:

M = %((\6 —v)X + (v —v)x, +(v, _vl)x3)' (1o
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The magnitude of the angular momentum depends both on the parameters that determine the free oscil-
lations of the system (@, k, 7 ) and on the parameters of external forces ( f,®,¢,,9,,®,). When studying
the dependence of the angular momentum on the phases of external forces, one of the values can be set
to zero without loss of generality, for example, @, =0. Then, away from resonance, when |a)02 —w* + 3k| >> Y@
the dependence on the phases and amplitude of external forces takes a simple form:

M =Cf*(sing, —sing, —sin(p, - ¢,)), (11)
where the constant C depends on the parameters @, ®,} .

A system of Duffing oscillators in the absence of coupling

Numerical solutions of equations (8) were obtained for a specific type of oscillator forces depending
on the displacements:

F(x)=x-x". (12)

Numerical calculation shows that the system of equations (8), as for a single Duffing oscillator, can have
chaotic solutions in a certain range of the parameter k. These solutions can be described in terms of pro-
bability using the probability density p(x,,x,,x;,v,,v,,v;,¢), which is determined by an equation similar
to equation (6):

a)a—p+vla—p+(xl—xf—k(le_xz—xs)_7V1+fCOS((P+¢1))a_p+
8¢) axl 8\/1
o 0
+v2—p+(x2—x22—k(zxz—xl—xz)_7V2+fCOS((P+(P2))_p+
o : (3\/2
o 0
+v3a—p+(x3—x32—k(2x3—xz_xl)_7V3+fCOS((P+¢3))£:O-
s 3

Let us first consider the case when the oscillators are not connected by elastic forces (k = 0). In this
case, probability density can be expressed in terms of probability densities for each of the oscillators:

1
P(X)5 Xy, X5, V), V), Vs, ) :Epo(xlavla(P‘F¢1)po(xzavza(ﬁ+¢2)po(xaavsa¢+(/’3)’ (13)

where p,(x,v,) is the solution of equation (6) for the function F(x) defined by expression (12).
When calculating the average values using the expression (12), it should be taken into account that
probability densities are normalized by one for any value ¢:

Jr dxdvp(x,v,p)=1.

As a result of these conditions, the average value of a function that depends only on the variables of one
oscillator <A(xi, vi)> does not depend on the parameters ¢,, ¢,, ¢,. It follows that the quasienergy defined
by expression (7) for oscillators not coupled by elastic forces does not depend on phases ¢,, ¢,, ¢, either.

On the contrary, the average values of the quantities, which are products of variables related to dif-
ferent oscillators, turn out to depend on the parameters ¢,, ¢,, ¢,. In particular, for the average value of
the angular momentum, we obtain:

M(col,coz,%):%I j—z(f((/’+(/’1)(7(¢+¢3)—V(€0+%))+

+X(p+9,)V(@+9)—V(p+ )+ X(@+@)V(p+e,)—V(p+9))). (14)

Here, the average values of coordinates and velocities are calculated using the probability density
pO (xa v, (P)
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Tp+9)=] dudvp,(x,v,0+0)x, V(p+e)=| dwdvp,(x,v,p+p)v.

Thus, two different methods can be used to calculate the average value of the angular momentum in this
case. In the first method, calculations are performed directly by solving the system of equations (8) over
a sufficiently large time interval, followed by time averaging. In the second method, by solving a system
of equations for one oscillator over a sufficiently large time interval, the probability density p,(x,v,®)
is determined and then the formula (14) is used.

In a numerical experiment, the dependence of the average value of the angular momentum was studied

at g =0, ¢, = %s, o, = _ZT”S ,at s € [—1,1] . The corresponding dependence graphs M () , where

o= sign(s)\/|? , are shown in Fig. 3.

=0.4, gamma=0.3, C=0.10276

f=0.5, gamma=0.3, C=0.098433
0.05 : : _ 0.08 : : :

signisl™sgr(s) - . signisi™sgn(s)

Fig. 3. The average values of the angular momentum when changing the parameters ¢,, ¢,, ¢,

Dots on the graphs indicate the values obtained by the first method (averaging over time when solving
equations for three oscillators), and circles indicate the values obtained by the second method (averaging
with the density matrix of one oscillator according to formula (14)). To compare with the results of the
dependence for the case of harmonic oscillators, formula (11) was used, where the constant C was deter-
mined by the least squares method. The corresponding curve is represented by a solid line. It should be
noted that the values of the constants C for different values of the parameters fturn out to be close.

The results show that the numerical calculations made by various methods coincide quite well, and
the dependence on phases ¢,, ¢,, ¢, and amplitude fis similar to the dependence obtained by analytical
methods for the case of a harmonic oscillator.

In this case, states with a different set of phases correspond to the same value of quasienergy; we can
therefore point out degenerate states, similar to what takes place in systems described by quantum
theory. However, comparing the results with the quantum mechanical description, we should note that
chaotic states are equivalent to mixed states described using the density matrix in quantum theory. Un-
like quantum theory, where the density matrix can be constructed as a bilinear function of stationary
states (see, for example, (Landau, Lifshitz 1977)), in the case of chaotic states of nonlinear classical dy-
namics, the principle of superposition of states is inapplicable. Therefore, it is impossible to represent
the probability density as a superposition of functions that transform according to some irreducible
representation of the symmetry group. Nevertheless, it can be argued that at a value s =0, the density

. 1 2 2
matrix p(xl,xz,x3,v1,v2,v3,q0) = —po(xl,vl,qo)po(x2,v2,¢7+£)p0(x3,v3,qo—§) Corresponds toa fully

symmetric state in which the average value of the angular momentum is zero.

As the modulus of the value s increases, the modulus of the value of the average angular momentum
increases, which means that a component appears in the mixture of states that transforms according
to the representation E of the symmetry group C, . In the harmonic approximation, as follows from
equations (8), a full-symmetric oscillation with zero angular momentum is not excited at the phase ratio
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®, =—¢, =@, £27/3. In a chaotic regime, it can only be argued that the proportion of a full-symmetric
oscillation in the probability density takes on a minimum value at the phase ratio ¢, =—¢, = ¢, £27/3.

Splitting of the average values of quasienergy at k = 0

As follows from equations (8), the three natural oscillation frequencies of the system for a harmonic
oscillator coincide. When the value k = 0, the frequency of the full-symmetric oscillation becomes dif-
ferent from the frequency of the symmetry oscillation E, thus having a degeneracy equal to two. The
difference in frequency values increases with the growth of the parameter k. In quantum theory, the
corresponding phenomenon is called splitting of the energy level (or quasienergy level under external
periodic influence). In this case, with a chaotic oscillation, there can be no discreteness of quasienergy
values, of course. However, it is possible to investigate the change in the average value of quasienergy
with an increase in the value of k, starting from zero. The results of the corresponding numerical ex-
periment are shown in Fig. 4.

=0.4, gamma=0.3
] : : ; ! ! ! : sl
FL B EE el T— T, A— A— 1 N A " )
+  s=0| : : : : ; : : :

1L 4. : ++*%"’+*§ :
FE5 s Do ERPRRRTS T Ef;;¥?,,4xff ........ TP TR i -
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Fig. 4. Quasienergy and angular momentum depending on the magnitude of the interaction of the oscillators k

The upper figure shows the quasienergy values at the phase ratio ¢, = @, = @, (s = 0), which corresponds
to the zero value of the angular momentum, and the quasienergy values at the phase ratio ¢, =—¢, =¢, £ 27/3
(s = 1), which corresponds to the maximum value of the average angular momentum. The lower figure
shows the values of the average angular momentum at s = 1 and the corresponding values of the parame-
ter k. Discontinuities in the graphs arise due to the fact that in the regions of the corresponding values
of the parameter £, the solutions of the equations are not chaotic but regular (periodic).

Conclusion

It may seem strange that the results obtained for regular solutions in the case of interaction of an ex-
ternal field with a system of harmonic oscillators turn out to be similar in the case of nonlinear Duffing
oscillators with chaotic solutions. In fact, this is largely due to the properties of the symmetry of the
system. Similar conclusions can be obtained, for example, by examining a quantum mechanical system
of three nonlinear oscillators located in an external field similar to the one discussed above. The density
matrix of such a system, which determines the population of an excited degenerate level, turns out to be
proportional to the square of the matrix element <O|V|i>, where V' is the operator of interaction with
an external field, 0 corresponds to a non-degenerate ground state, and i corresponds to one of the
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degenerate excited states due to symmetry. The corresponding equations for the density matrix are
derived, for example, in the monograph (Blum 2012). For the case considered here, the operator of in-
teraction with an external field can be written as:

V(t)= Zdj feos(ot+9)),

where d} is the operator of the dipole moment of the j-th oscillator. Further calculation of the density
matrix using symmetry properties leads to an average value of the angular momentum, with a dependence
similar to (11).
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Abstract. One of the most challenging tasks in studying complex physical systems is determining the
contributions of complexities of individual components to the complexity of the entire system. To investigate
these contributions, this paper proposed the Kolmogorov complexity plane (the KC plane) based on the
Kolmogorov complexity. We applied both the Kolmogorov complexity plane and the Kolmogorov complexity
to daily (measured) and monthly (simulated by a climate model) values of precipitation representing a complex
physical system, and temperature and water vapor pressure as individual components of that system. From
the KC plane, we determined the intervals of interacting amplitudes in which the contributions of the
complexities of individual components to the overall complexity could be observed.

Keywords: physical complex systems, Kolmogorov complexity, Kolmogorov complexity spectrum, Kolmogorov
complexity plane, overall complexity, complexity of components

Introduction

It took almost half a century after the publication of Nobel Laureate Philip Anderson’s pioneering
and visionary work ‘More is different: Broken symmetry and the nature of the hierarchical structure
of science’ (Anderson 1972) for complex systems, including the climate system, to receive formal recog-
nition from the scientific community. In 2021, three scientists were awarded the Nobel Prize ‘for ground-
breaking contributions to our understanding of complex systems’: Syukuro Manabe and Klaus Hasselmann
‘for the physical modelling of Earth’s climate, quantifying the variability and reliably predicting global
warming’ and Giorgio Parisi ‘for the discovery of the interplay of disorder and fluctuations in physical
systems from atomic to planetary scales’ (The Nobel Prize in Physics 2021... 2021).

When it comes to a complex system, there is no clear formal definition that describes it in terms of its
properties. Many papers have been written on this topic (for example, (Estrada 2023)); however, in this
paper, we do not deal with this issue but discuss only the two most discriminating features of complex
systems — emergence and complexity. Emergence is loosely considered as a behavior of a system that is
more than the sum of its parts (De Wolf, Holvoet 2005). The behavior of a complex system is referred
to as weak emergence, or simply emergence, when interactions between components at lower levels
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create new properties at higher levels. Weak emerging properties are scale-dependent. On the other
hand, the behavior when high-level characteristics cannot be inferred from low-level properties is called
strong emergence. A system exhibits complexity when we cannot explain its behavior by examining its
components. We can only use various complexity measures to compute complexity as the only way
to obtain information about the complex systems’ nature through measured time series. Emergence and
complexity cannot be modeled due to various reasons, such as the boundaries of our knowledge and
computational power. That is why one resorts to ‘model’ complexity and emergence with more or less
sophisticated models (Mihailovic¢ et al. 2023).

In physics, emergence describes a property, law or phenomenon occurring spatially or temporally
at macroscopic scales, but not at microscopic scales, although a macroscopic system can be viewed
as a very large ensemble of microscopic systems (Girvin, Yang 2019). Complex physical systems follow
fixed physical laws, usually described by differential equations, and exhibit properties such as self-orga-
nized criticality, self-similarity, scaling and power laws. Also, the majority of complex systems in physics
are complicated, while the opposite is not true (Gell-Mann, Lloyd 1996). What do emergent phenome-
na look like in complex physical systems? Spontaneously broken symmetries that characterize distinct
phases of matter are weakly emergent. Thus, according to (Bedau 1997), some phase transitions can be
classified as weak emergence. Quantum mechanics is one promising area of physics that can be conside-
red a candidate for strong emergence (Mihailovi¢ et al. 2023). Except for the mentioned phase transition,
the superconductivity, granular materials are typical physical systems characterized by a weak emer-
gency. Physical complex systems consist of many interconnected components whose interactions produce
emergent behavior that cannot be easily predicted from the behavior of individual components. Here
are several examples across different domains: weather systems, ecosystems, wildfires, oil spills, human
brain, financial markets, traffic systems, social networks, cellular systems, power grids, internet and
communication networks, supply chains, galaxies and stellar systems and biochemical pathways.

What is the situation regarding information in the physics of complex systems? It is more compli-
cated to extract information from other complex systems in nature than from systems in physics. A fa-
vorable circumstance for physical systems is that they possess some characteristics that are not inherent
in other systems (Hanel, Thurner 2013; Thurner et al. 2018). For physical systems that are described
algorithmically, in general, we can obtain information about how their internal states (interactions) and
the states of components evolve over time. There are several approaches to studying complex physical
systems. Some of those include physical approaches, computational approaches, network approaches,
statistical approaches (statistical methods, statistical physics, information theory and nonlinear dyna-
mics) and interdisciplinary approaches. In general, methods for obtaining information from complex
systems can be divided into methods for (1) analyzing data, (2) constructing and evaluating models and
(3) computing complexity. Here we focus only on algorithmic information theory.

Perhaps one of the most challenging tasks in studying complex physical systems is determining the
contributions of the complexities of individual components to the complexity of the entire system. Some
of the methods attempting to meet this challenge include: (1) analyzing interconnectedness; (2) assessing
feedback loops; (3) mapping out dependencies; (4) conducting sensitivity analysis; (5) using network
theory; and (6) simulating scenarios. In this paper, we propose a method for determining the information
about the interaction of components in a complex physical system by the Kolmogorov complexity spect-
ra (hereafter, KC spectrum/spectra) amplitudes. This method, which we call the Kolmogorov complex-
ity plane (KC plane), is based on the use of the Kolmogorov complexity (KC) (Kolmogorov 1965) and the
KC spectrum (Mihailovi¢ et al. 2015). More specifically, the KC plane is imagined to have the following
axes: (i) interactive amplitudes of the system components’ complexity (x-axis) and (ii) interactive ampli-
tudes of the system’s overall complexity (y-axis).

Kolmogorov complexity

Kolmogorov complexity K(x) is a well-known concept in algorithmic information theory (Kolmogorov
1965). It is generally incomputable, and the most famous and most widely used algorithm (LZA) for its
approximation was developed by Lempel and Ziv (Lempel, Ziv 1976) and improved (known as the LZW
algorithm) by (Welch 1984). For a given time series, LZA determines the minimal number of different
patterns (Kaspar, Schuster 1987). When applied to a time series {x }, i = 1,2,3, ..., N, LZA includes the fol-
lowing steps: 1. Creating a sequence {S}, i = 1,2,3, ..., N of the characters 0 and 1 by applying the rule S, = 0
if x,<x,_orl if x>, where x, is a threshold. The mean value of a time series is usually chosen as the
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threshold. 2. Computing the minimum number of different patterns c¢(N) in x,. c(N) is called the complex-
ity counter that approaches an ultimate value as N gets closer to infinity, i. e. ¢(N) = O(b(N)) and b(N) =
log,N. 3. Computing the normalized information measure C (N) = ¢(N)/b(N) = c(N)/log,N. C,(N) ranges
between 0 and 1 for a nonlinear time series, but it can also be much greater than 1 (Kovalsky et al. 2018).

Kolmogorov complexity spectrum

The complexity of a system is hidden in its dynamics. The only information available about a physical
state is found in time series; therefore, a time series is the only source for establishing the level of complex
Pphysicality. This term usually refers to the level of complexity and interconnectivity within a complex
physical system. Physical complexity refers to the intricate and multifaceted nature of an object’s or a sys-
tem’s physical characteristics. It encompasses various physical attributes and behaviors that contribute
to the overall complexity. Two methods are available for obtaining the time series: measurement and
simulation. Regarding the former, the exact states of an observed physical system are translated into
a sequence of symbols. This process is described by a parameterized partition of the state space M,
consisting of cells of size ¢ that are sampled at each time sample point 7. A measurement sequence con-
sists of the successive elements M, visited over time by the system’s state. Using the instrument {M , &},
we get information as a sequence of states {x }. Here, we consider a possible way to calculate the level
of complex physicality of the system, i. e. the complexity of the time series that represents that the
system is passing through different states. Connecting complex physicality with Kolmogorov com-
plexity, we can explore how the intricate, multifaceted nature of complex physical systems might
be analyzed or described in terms of their informational content and computational complexity.

Def. 1 We call the time series {xi}, i=1,2,3,..., Nanormalized one (or a time series with normalized
amplitude) after the transformation x, = (X, - X )/(X - X ), where {X},i =123, ..., Nisatime

series obtained either by a measurement procedure or as an output of a physical model, X . = min{X}
and X, = max{X}.

Remark. From Def. 1 it follows that all elements of the time series {x } are in the interval [0,1].

Def. 2. If the LZA algorithm is applied N times to a time series {x}, using all the elements of {x}

as thresholds {xm,} forming the sequence {ci}, i=1,2,3, ..., Nthen we will call the sequence {cl.} the Kol-
mogorov complexity spectrum of a time series {x }.

Remark. The time series {x } is transformed into a string of finite symbols by comparison with a series
of thresholds {x, },i=1,2,3, ..., N, where each element is equal to the corresponding element in the time

series , applying the LZA algorithm. The original time series samples are converted into a set of 01 se-
quence {S®},i=12,3,...,N, k=123, ..., N defined by comparison with a threshold x,_, ,

i

0 x.<x
S(k) — { i trk . (1)
' 0 x>x,

After applying the LZA algorithm to each element of the series {S "}, we get the KC complexity spec-
trum {c}, i=1,2,3, ..., N (fig. 1). This spectrum was introduced by (Mihailovi¢ et al. 2015) to especially
examine complex systems with high complexity, i. e. those that have many stochastic components. It can
provide new insights into the complexity of physical and other complex systems, their time evolution
and predictability.

To clarify the meaning of the KC spectrum {c}, we use the following example: the time series {x}
is obtained by {Mg, g} = e, where ¢ is a random number uniformly distributed in the interval [0, 1],
w is the amplitude, taking values in the interval [0, 1], and {x } is sampled at each time sample point 7= 1.
Fig. 1a shows the KC spectra for w = 1.0, 0.75, 0.50 and 0.25, respectively. All of the spectra have a shape
that is similar to the shape of the curve in Fig. 1b, which is merely one of many possibilities due to the
fact that different systems have different complexity versus randomness plots, since there is no ‘univer-
sal’ complexity-entropy relationship (Feldman, Crutchfield 1998). Random numbers were generated with
the intrinsic subroutines CALL SEED and CALL RANDOM NUMBER (arg) from the Microsoft Fortran
Developer Studio library.

148 https://www.doi.org/10.33910/2687-153X-2024-5-3-146-153



https://www.doi.org/10.33910/2687-153X-2024-5-3-146-153

D. T. Mihailovi¢, V. P. Singh

1.0

0.8

0.6

0.4

0.2

Normalized Kolmogorov complexity

0.0
00 01 02 03 04 05 06 07 08 09 10
Normalized amplitudes of KC spectrum

(b)

Complexity

Randomness

Fig. 1. (a) The normalized KC spectra {c} of time series obtained by the instrument obtained {M, &}
with {M, e} = e, where w is the amplitude factor, o is the random number uniformly distributed
in the interval [0,1], and sampling 7 = 1 time unit; (b) Complexity versus randomness plotted
following physical intuition (Grassberger 2012)

Kolmogorov complexity plane of interacting amplitudes

A comparison of the two KC spectra is shown in Fig. 2b, which represents two merged two-dimen-
sional graphs (with different meaning of axes): (1) KC master vs. individual components (both amplitudes
are on x-axis and both complexities are on y-axis) and (2) a,, (the master amplitude) vs. 4, (individual
amplitude), i. e. the KC plane. The black and red squares represent master (K,,) and individual spectra
(K)), which are calculated from the time series generated by a random generator (see the previous sub-
section), while the crosses indicate points in the KC plane. The quantities in these two planes were
compared in the two-dimensional system (0, 1) using normalized time series. Since these quantities are
on the same scale after normalization, we can assess relationships and patterns between the compared
quantities without the influence of varying scales (Asesh 2022).

When we look at Fig. 2b, we see that the crosses in the (“1’ a M) system are scattered. This is due to the
dynamic relationship and interdependence between the ‘master’ variant and individual ones. Here, the
‘master’ variant characterizes the primary, overarching complexity that defines the core complexity. The
greater overlapping of the KC spectra (K, K, ) determines the reduced scattering of points in the KC
plane, approaching a linear distribution of the set of points, as shown in Fig. 2a. It can also be seen that
there are two groups of points: one that belongs to the area under the K|, spectrum curve (the set S )
and another that belongs to the area under the K, spectrum curve (the set S,). However, only points from
the set S defined as

s,=8,N5, (2)

are candidates for comparison of the complexity of different sequences or systems (in this case, the entire
complex physical system and its components). The amplitudes that belong to this set will conditionally
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Fig. 2. (a) Towards the Kolmogrov complexity plane (KC plane); (b) The values of amplitudes of the master
and individual KC spectra that are set along a,, and a, axes (crosses), respectively. KC spectra of the entire
system (K , black squares) and its component (K, red squares) were calculated from the time series
generated by a random generator (see the previous subsection)

be called interactive amplitudes. Analyzing Fig. 2b, we can draw a crucial conclusion as follows: interplay-
ing master and individual interactive components are most pronounced in the domains (0.05, 0.8) for
master amplitudes and (0.05, 0.6) for the individual components. Perhaps more precisely stated, indi-
vidual interactive amplitudes in the domain (0.17, 0.32) contribute most to the complexity of the overall
system across the entire interval (0.05, 0.8) of master interactive amplitudes.

Numerical examples

Precipitation is a complex physical system par excellence. Precipitation and its formation are influ-
enced by many factors and processes: temperature, humidity, pressure, atmospheric conditions, cloud
formation, condensation of water vapor into droplets or ice crystals, falling of these particles to the
ground as rain, snow, sleet, or hail, geography, topography, wind and air masses. So, the prediction
of precipitation events by models of different scales is a hard task because of the difficulties in under-
standing these interconnected influencing factors. We use the KC plane of interacting amplitudes and
two time series of precipitation: monthly precipitation simulated by a climate model and daily participa-
tion measured over twenty years (Fig. 3).

In the analysis of monthly time series, we use precipitation (the master amplitude) and temperature
(individual amplitudes) for Novi Sad (45°15’ N, 19°50" E) in Serbia, which were obtained from the
EBU-POM model simulation under the A1B scenario during the period 2071-2100 (Djurdjevi¢, Rajkovié
2012). Specifically, for this integration, the center of the atmospheric Eta model was at 41.5°N, 15°E,
with £19.9° boundaries in the east—west direction, +13.0° boundaries in the north—south direction, 0.25°
horizontal resolution and 32 vertical levels (with the first level at 20 m and the top level at 10 hPa). The
ocean model featured 0.2 x 0.2° of horizontal resolution and 21 vertical levels. The size of the time series
was N = 1560; the highest values of precipitation amount and temperature were 248.7 mm and 29.2°C,
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respectively. In Fig. 3, the KC spectra of precipitation (black squares) and temperature (red squares),
as well as points in the KC plane (crosses), are shown. The number of these points is 821 in the area that
belongs to the area below both spectra and 739 points outside this area.

1.0

Novi Sad (Serbia) ‘ e -
B s Precipitation (P) +Temp e (1) el aM

| _Tamx=29.2 degC
0.8 Pmax=248.7
Number of samples
0.6 p=N=1560

4
04 / N W,

02} d

Normalized values of KC spectrum
Precipit. amplitudes of KC spectrum

0.0 < B | |-| v 1
-04-0.3-0.2-0.1000.102030405060.708091.0

a, Temperature amplitudes of KC spectrum

Fig. 3. KC spectra of the entire system (black squares) and its component (red squares). The values of amplitudes
of the precipitation and temperature KC spectra are set along @, and a, axes (crosses), respectively. Monthly
values of precipitation and temperature for Novi Sad (45°15” N, 19°50’ E) were obtained from the EBU-POM

model simulation under the A1B scenario during the period 2071-2100 (Djurdjevi¢, Rajkovi¢, 2012)

Looking at the distribution of points in this area within the temperature amplitude interval (0.2, 0.6),
it can be seen that the complexities are relatively low (0, 0.4). We can ask ourselves what quantitative
conclusion we can draw from the facts presented in Fig. 3. We cannot say anything else except that the
influence of interactive temperature amplitudes on precipitation complexity is observed (1) throughout
the domain of these amplitudes and (2) in a narrow range of complexity (0, 0.4). Moreover, these findings
seem to point towards a solution to the question of how elements of a complex physical system affect its
overall complexity, which will be elaborated on later. Let us note that if the KC spectra of time series
partially overlap, it could indicate that there are similarities or patterns present in the data at different
levels of complexity. This could suggest that certain aspects of the data have a consistent level of com-
plexity across different scales or resolutions. It may also indicate that there are recurring structures in the
data that contribute to its overall complexity. There exist some possible interpretations of partially over-
lapping KC spectra for two or more time series, such as shared patterns, similar complexity profiles,
overlapping generative mechanisms and non-random similarities. Some potential applications of this
concept include time series clustering, anomaly detection and feature extraction (Fig. 4).

In this paper, we make feature extraction of the interactive amplitudes in the KC plane by detecting
the points (a,,a,,) that belong to the area(s) below the overlapping KC spectra in that plane. Note that
all compared time series were normalized with their highest values. This procedure allowed us to estab-
lish how the complexity of individual components of a complex physical system contributed to the
overall complexity. This will be demonstrated using precipitation as a complex physical system (the
overall complexity) and temperature and water vapor pressure (the complexity of components). Note
that this comparison is only possible if all-time series have the same length. Daily values of precipitation,
temperature and water vapor pressure for Banatski Karlovac (45°2’ N, 21°1’E), averaged over the period
1986-2005, were taken from the Daily Reports of the Hydrometeorological Service of Serbia. Due to the
length of the time series (N = 14610) in Fig. 4, points are not shown as in Fig. 3, which would make the
graph unclear.

Fig. 4 shows the areas of influence of the complexity of components on the overall complexity:
(1) red spectrum—green line—a, axis—green line; (2) green line—blue spectrum—black spectrum; (3) blue
spectrum—a axis—green line; (4) green line—a, axis—black spectrum; and (5) entire area above the curve
of the black spectrum. Translating the position of points in these areas into the statement influence
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Fig. 4. KC spectra of the entire physical complex system (black squares) and its components (red and blue
squares). The values of amplitudes of precipitation, temperature and KC spectra are set along the 2, and
a, axes. Areas of influence of complexity of components on the overall complexity: red spectrum—green
line—a, axis—green line (1); green line—blue spectrum—black spectrum (2); blue spectrum-a, axis—green

line (3); green line—a, axis—black spectrum (4); and the entire area above the curve of the black spectrum (5)
(for more explanation see the text). Daily values of precipitation, temperature and water vapor pressure
for Banatski Karlovac (45°2" N, 21°1’E), averaged over the period 1986—2005, were taken from the Daily

Reports of the Hydrometeorological Service of Serbia

of the complexity of individual components on the overall complexity, we can see (1) only the influence
of temperature (0, 0.05); (2) only the influence of water vapor pressure; (3) no influence of temperature
or water vapor pressure; (4) the influence of both components (temperature and water vapor pressure
(0.12, 1)); and (5) no influence of the complexity of any individual component. It can be said that the
KC plane allows us to determine the intervals of interacting amplitudes in which the contribution of the
complexity of individual components to the overall complexity can be established. In other words, the
contribution of component complexity to overall system complexity is not constant but varies with its
interactive amplitudes. This means the interactivity of components with the system changes with com-
ponent amplitude. This approach has important implications for (i) theory and modelling of complex
systems (particularly in the segment that is related to interconnectivity of system components) and
(ii) environmental and other physical complex system models having a huge practical application.

Conclusions

We considered the influence of complexity of individual components of a physical complex system
on the overall complexity through the following steps: (i) we proposed Kolmogorov complexity plane
of interactive amplitudes whose point coordinates (KC plane) were derived based on Kolmogorov com-
plexity spectrum (KC spectrum); and (ii) we selected two time series encompassing the monthly time
series of precipitation and temperature simulated by the EBU-POM climate model over the 1971-2100 pe-
riod (Novi Sad, Serbia), and the measured daily time series of precipitation, temperature and humidity,
averaged for the 1986—2005 period), for Banatski Karlovac (Serbia). All-time series were normalized
using their highest values.

We calculated: (i) normalized KC spectra for all-time series; (ii) positions of points in the KC plane
(interactive master amplitudes vs. interactive individual amplitudes); we made feature extraction of the
interactive amplitudes in the KC plane by detecting the points lying in the areas which are below the
overlapping KC spectra in that plane.

From the overlapping areas in the Kolmogorov plane, we determined the intervals of interacting
amplitudes in which the contribution of complexity of individual components to overall complexity can
be observed.
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Abstract. Recent observations of black hole shadows have revolutionized our ability to probe gravity in extreme
environments. This manuscript presents a novel analytic model of the shadow of a dynamical Hayward black
hole. We show that under some choice of mass and regularization functions, this spacetime admits a homothetic
Killing vector, which allows the reduction of the second-order differential equations of motion to the first-
order ones. After that, we introduce the coordinate transformation to conformally-static coordinates and
introduce a new conserved quantity along null geodesics. We prove that in the dynamical case the regularization
parameter always decreases the radius of a photon sphere. Inspired by the experimental data obtained by the
Event Horizon Telescope Collaboration, we compare the obtained images of Sagittarius A* with a black hole
shadow in Reissner—Nordstrom, Bardeen and Hayward black holes, respectively.

Keywords: black hole, photon sphere, mass-dependent, shadow, dynamical Hayward black hole

Introduction

In 1915, Albert Einstein presented general relativity. One year later, Schwarzschild solved his equations
for empty spherically-symmetric spacetime, and his solution became known as Schwarzschild metric.
Later, it was understood that Schwarzschild spacetime describes a static spherically-symmetric black hole.
However, a black hole distorts spacetime so strongly that even light cannot escape it. That is why one can
learn about properties of a black hole through its influence on surrounding matter. For this reason, it be-
comes really important to study the properties of motion around these objects. Thorough investigation
of light propagation revealed that light can move along an unstable circular orbit which forms a black spot
on the observer’s sky, which is known as a black hole shadow (Bardeen et al. 1972; Synge 1966;).

In 2019, the Event Horizon Telescope Collaboration published images of the supermassive black hole
located in the center of galaxy M87 (Alberdi et al. 2019). Later, in 2022, they published images of a su-
permassive black hole, Sagittarius A*, in our own galaxy — Milky Way (Akiyama et al. 2022). These
observation data endowed a black hole with the status of a real astrophysical object and drew huge at-
tention of the scientific community.
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The idea that this shadow could be observed was brought forward in 2000 in a pioneering paper
by Falcke et al. (Falcke et al. 2000). Tsupko et al. showed that a shadow can be used as a cosmological
ruler (Tsupko et al. 2020). The problem of using the shadow as a cosmological ruler is discussed in the
paper (Vagnozzi et al. 2020). The black hole shadow can be used to distinguish different black hole models
and even to find differences between general relativity and alternative theories of gravity (Vagnozzi et al.
2023). The review of an analytical study of static black hole shadows is given in (Perlick, Tsupko 2022).
The influence of plasma on the observed size of a black hole is considered in the paper (Perlick et al. 2015).
New analytical methods of studying black hole shadows have been developed in papers (Vertogradov,
Ovgiin 2024a; 2024b; Vertogradov et al. 2024). However, all these models describe the static black hole;
the astrophysical black hole, however, changes its mass while absorbing and emitting matter. Thus, the
real black hole should be described by dynamical spacetime. There is a numerical method of calculating
a dynamical black hole shadow developed in (Koga et al. 2022; Mishra et al. 2019), but analytical models
are scarce (Heydarzade, Vertogradov 2024; Solanki, Perlick 2022; Tsupko, Bisnovatyi-Kogan 2020). The
problem with an analytical model is that there is only one conserved quantity in the spherically symmet-
ric black hole spacetime. It is an angular momentum-per-mass L. So, one needs to seek extra symmetry
to reduce the second-order differential equations of motion to the first one. Dynamical spacetime does

not possess the timelike Killing vector —, so one should look for conformal Killing vectors. If the space-

time admits the conformal Killing vector, then there is an extra conserved quantity along null geodesics.
The shadow formation in Vaidya and charged Vaidya spacetime has been investigated in the papers
(Heydarzade, Vertogradov 2024; Solanki, Perlick 2022). Vaidya solution (Vaidya 1951) is one of the exact
dynamical solutions of the Einstein equations. It can be regarded as a dynamical generalization of the
static Schwarzschild solution. The Vaidya spacetime is widely used in many astrophysical applications
with strong gravitational fields. In general relativity, this spacetime assumed greater importance with the
completion of the junction conditions at the surface of the star by Santos (Santos 1985). The horizon
structure and surface gravity of this solution have been investigated in (Nielsen 2014, Nielsen, Yoon 2008).
The Vaidya spacetime can be extended to include both null dust and null string fluids leading to the gene-
ralized Vaidya spacetime (Wang, Wu 1999). A detailed investigation of the properties of the generalized
Vaidya spacetime can be found in (Glass, Krisch 1998; Glass, Krisch 1999; Husain 1996; Vertogradov
2024). Charged Vaidya spacetime (Bonnor, Vaidya 1970) has been widely investigated in gravitational
collapse and naked singularity formation (Beesham, Ghosh 2003; Lake, Zannias 1991; Patil et al. 1999;
Vertogradov 2022; ). The conformal symmetry of the charged Vaidya spacetime and Hawking radiation
have been considered in (Ibohal, Kapil 2010; Koh et al. 2024; Ojako et al. 2020; Vertogradov, Kudryavcev
2023). Surrounded Vaidya spacetimes with cosmological fields have been obtained in papers (Heydarzade,
Darabi 2018a; Heydarzade, Darabi 2018b; Heydarzade, Darabi 2018c). The process of extracting energy
from the charged Vaidya black hole has been considered in (Vertogradov 2023).

In this paper, we compare experimental images obtained by the Event Horizon Telescope Collabora-
tion from Sagittarius A* with well-known black hole models, i. e. the electrically charged black hole
described by Reissner — Nordstrom spacetime and two regular black holes described by Bardeen and
Hayward metrics. Then we show that there are several values of extra parameters under which a shadow
corresponds to experimental data. We also present the shadow model of a dynamical Hayward regular
black hole. We consider the linear mass and regularization functions because Hayward spacetime with
these choices of functions admits a homothetic Killing vector. We introduce the coordinate transforma-
tion to the conformally static coordinates in which we introduce an extra conserved quantity and estimate
the influence of the regularization parameter on the visible size of a shadow.

This paper is organized as follows: in Section 2 we briefly describe the method of black hole shadow
calculation and numerically calculate the shadow for Reissner — Nordstrom, Bardeen and Hayward
spacetimes. Then we compare the obtained shadow with the image of Sagittarius A*. In Section 3 we
analytically calculate the radius of the photon sphere in dynamical Hayward spacetime and estimate the
influence of the regularization parameter on it. Section 4 discusses the obtained results.

The geometrized system of units ¢ = 1 = G will be used throughout the paper. We also use the signa-
ture —+++.

Shadow of spherically-symmetric black holes

Astrophysical black holes are supposed to be rotational. The shadow of these objects depends on the
angle of observation. However, if an observer sees the shadow along the rotational axis, then the shadow
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has the same form and properties as a static spherically-symmetric one. For this reason, we compare
images obtained by the Event Horizon Telescope Collaboration with several well-known solutions of the
Einstein field equations describing non-rotational black holes. Without loss of generality, the spheri-
cally symmetric spacetime can be written as

ds? = —fdt? + f1dr? + r2dQ?, (1)

where f= f(r) is the lapse function and dQ?* = d6” + sin’*0dg? is the metric on the unit two-sphere. The
spacetime (1) admits two constants of motion, ihe. energy-per-mass E and angular momentum-per-mass
L which are given by the equatorial plane 8 = >

L=r"—, (2)

where A is an affine parameter. By using the null geodesic condition g,u'u* = 0, one can write the radial
component of the geodesic motion equation as

dr\?
f

Veff :Lzr_z—EZ. (3)

Here V has effective potential. A black hole shadow is formed by a photon sphere, which is composed
2

. . . . V. da d .
of unstable circle orbits. For a circle orbit, there are two conditions ﬁ = d—); = 0 which lead to

Veff(rph) =0,
V'err(ron) =0, @

where r,, is the radius of a photon sphere and prime denotes the radial derivative. For Schwarzschild
spacetime, i. e.

2M
fr)=1-—, (5)
r
the radius of a photon sphere r,, = 3M. The radius of a shadow is defined from the first condition (4)

L rph

== (6)

E‘W'

where b is an impact parameter. For a Schwarzschild black hole, it has the value of b = 3v/3M. The an-
gular size w , of a shadow is given by

b

2
sinwgy, = b—, (7)
TO

where 7, is the distance between an observer and a black hole. The angular size w , of a Schwarzschild

black hole for a Sagittarius a* is ~53pu as. However, the observational data shows that the real angular

size of Sagittarius a* is ~52u as. This indicates that one should consider black hole models different

from Schwarzschild ones. It is a well-known fact that the electrical charge of a black hole decreases

its angular size. The metric that describes an electrically charged black hole is Reissner—Nordstrom
spacetime

) =1 2M N Q?
fr) = —t+ 3 (8)

where Q is an electrical charge of a black hole with dimension of length. The radius of a photon sphere
in this case is
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Ton = %(31\4 +/9M7=8Q7). 9)

As one can see that if Q — 0, then we obtain the radius of a photon sphere like in Schwarzschild
spacetime T = = 3M. However, if one considers other spacetimes, like regular Bardeen (Bardeen 1968)
and Hayward (Hayward 2006) ones, which are given by

2Mr?
fr)=1- —rg (10)
(rz + g®)2
and
2Mr?
FO) =1~ an

respectively, then one will see that it is impossible to find exact analytical expression for the radius
of a photon sphere and angular size. However, by using the method developed in (Vertogradov, Ovgiin
2024a), one can estimate the influence of parameters g and L on the angular size of a black hole. To use
this method, we write the lapse function in the form

f= (1 — Z—M) et™, (12)

r

where ¢ is a small arbitrary function. If £(3M) < 0, then minimal geometrical deformation decreases the
radius of a photon sphere, and if £(3M) > 0, then the angular size of a black hole shadow decreases. In the
paper (Vertogradov, Ovgiin 2024b) it was shown that parameters g in Bardeen spacetime (10) and L
in Hayward spacetime (11) decrease the angular size of a black hole shadow. It means we should find
such values Q, g and L that the shadow size is ~524 as.

Now let us look at the effectiveness of the presented models. Let us calculate the angular size of the
shadow of the black holes M87* and Sgr A*.

Schwarzschild black hole

As it is known, the radius of the shadow of a black hole is
L? - b?
Verr(1pn) = 0 > —A(rph) E?=0- —A(rph) -1=0. (13)
ph ph

Let us consider the shadow of a spherically symmetric Schwarzschild black hole. Then the metric has
the form:

2M 2M
dSZ = — (1 — T) dtz + (1 — 7) dTZ + Tzdﬂz. (14')

Substituting the value into the effective potential, we get

vy = (1-2) 5 - 2 15
eff = )z (15)
When substituting the condition, we get:
Werr o a—2a=2M_, ™M _, 3M 16
= - — = —_—— _— = - = .
dr r r Toh (16)

Thus, substituting the radius into the condition and resolving with respect to the impact parameter,
we get:
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2M\ L? 5
2M\ b?
(1 _T)r_z_ 1=0- b, = 3V3M. (17)

Experimental data have shown that the mass of SqrA* is equal to 4.3 x 10°M , and M87* — 3 x 10°M .
Mass and charge are included in a geometrized system of units, that is, in a system in which G and c are
equal to 1. Accordingly, they have a dimension in centimeters. To convert kilograms and pendants into
centimeters, we need to use the following formula:

GM
m= pr (18)
Substituting the values, we find that the mass of the black hole SgrA* corresponds to
M =6 x10'g, (19)
and M87* —
M =4x10%g. (20)
Now let us convert r, to centimeters; then for SgrA* it will be equal to
10 = 26 X 10%1cm, (21)
and for M87* —
70 = 56 X 10%*cm. (22)

The Schwarzschild solution is not successful, since the values are somewhat overestimated, and it is
impossible to use an additional parameter to reduce the diameter. Therefore, the Schwarzschild metric
is good for research as an ideal model for qualitative effects, but it is not suitable for description, and
other models need to be considered.

Reissner — Nordstrom black hole

The metric is spherically symmetric and static.
In the case of Reissner—Nordstrom, this is a known quantity that can be found when solving the
second equation with respect to r, . We get the following expression:

3 2 8 2
rPh:E M+ M —aQ . (23)

Vers(Ton) = 0. (24)

The first condition implies that

Then we express the impact parameter b:

o (3M + /9MZ — 8Q%)* -
T 24M? + 8M[OMZ —8QZ + 4802
To correctly estimate the angular diameter, we use the expression
b
2a = —, (26)
To

where r, — distance to SqrA* and M87*.
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Now let us substitute the masses and r, of M87* and SgrA* in the expression for the angular para-
meters. We assume that the q, the gravitational charge, is 0.01M, 0.1M, 0.5M, 0.75M, 0.99M and get the
corresponding angular sizes.

The highest values are reached at 0.01M. To understand what 0.01M is for a charge and what is a charge

in centimeters, we convert the charge into coulombs according to the following formula:

2
g2 = 9€ 27)

4dmeyct’

To do this, we will use the SI-system, in which the mass is in meters and the charge is in coulombs.
Thus, the value has the form

Q =7 x10%. (28)

The charge is gigantic and corresponds to a supermassive black hole of the order of millions of solar
masses.

Hayward black hole

The metric describes a regular black hole. Similary to the Reissner—Nordstrom case, we obtain an ex-
pression for the radius of the photon sphere:

r® —3MrS + 412Mr3 + 4L*M? = 0. (29)

Numerically solving it and substituting the value, we express the impact parameter b:

rS 4+ 2r2MIL2
ber = (30)

r3+2MIL2 — 2Mr?’

Consider the upper bound of the range of possible values of the regularization parameter L, at which
an extreme black hole occurs. The mass of the black hole must be less than or equal to zero.
As we know, the metric describing Hayward is presented as follows:

2Mr?

1O =1 1)

Let us bring it to a common denominator and take the derivative in r. As a result, we take a value
greater than zero:

4M
_ 2 32
r 3 ( )

Substituting r into the expression for the metric and solving with respect to L, we get the boundary
for an extreme black hole:

aM
L<—.
33

Since at a higher value there is no horizon, or the black hole itself, and the result in the form of a sha-

(33)

. . . . 4m .
dow of a black hole is also lost, we are interested in values ranging from 0 to — . The impact parameter

L allows us to get the most correct result, which can be seen with L equal to 0.01M.

Bardeen black hole

The Bardeen metric also describes regular black holes.
By analogy with the previous metrics, we get the expression for r :

r10+ (592 —9M?)r8 + 10g*r® + 10g°r* + 5982 + g'° = 0. (34)
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Based on its numerical solution, we obtain the impact parameter b:

3
r2(r2 + g*)2

by = (35)

3 )
(r? + g%)z — 2Mr?

g — the magnetic charge of the monopole characterizing the current model. Let us find its upper bound.
Bardeen’s metric:
2Mr?
f)=1-——""—. (36)
7+ g%
We bring it to a common denominator and take the derivative of r in the same way as Hayward. We get
two roots, and by solving one of them we come to the following value:

(37)
Substituting the result into the Bardeen metric, we find g:
< 4M
9= 36 (38)

4m
Iterating through the values in the range from 0 to 77z, we get the results.
Since the charge is small, as for Reissner—Nordstrom, they differ little from each other. Nonlinear
electrodynamics was introduced to describe powerful electric fields.

Table 1. Experimental data

Schwarzschild - - _
M87* 18 - -
SgrA* 53 - -

Reissner—Nordstrom Q=0.01lm Q=0.1m Q =0.99m
M87* 17 16 6
SgrA* 53 52 19

4m

Hayward L =0.0lm L=0.Im [—— B
M87* 17 17 16
SgrA* 52 52 48

4m

Bardeen G =0.0lm G=0.1m (GR—— ﬁ
M87* 17 17 16
SgrA* 52 52 44
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Shadow of a dynamical Hayward black hole

Properties of the Hayward metric

In the general case, the metric for a regular black hole is written as:

2

d
ds? = —F(r)dt? + Wrr) +7r2d02. (39)

2
In the article (Hayward 2006) Hayward introduced F(r) as F(r) = (1 — :2; 2
T d

larization parameter L tends to zero, Hayward spacetime becomes a Schwarzschild one. This L prevents
scalar invariants from divergence at r — 0. Hayward spacetime at » — 0 has de Sitter core.

). Here, if the regu-

M
F(r)~1—7,r—>oo

r2
F(r)~1—L—2,r—>O. (40)

A black hole without singularity in the center is called a regular black hole, and the Hayward black
hole is one of the examples of models of such black holes. Let us write down Hayward metric and define
some characteristics:

) 2Mr? ) dr? 5 s
dsc=—(1- m dt® + M2 + r<dQ-. (4'1)
(1 it 2ML2)

First of all, we should show that the metric is really regular. For this purpose, we calculate Kretschmann
scalar:

24 r3

From this, we can see that » — 0, which corresponds to the center of a black hole, does not lead
to a divergence of scalar invariants and the emergence of a singularity. Another important property of the
metric is that a black hole has two horizons — the inner and the outer one.

Under some values of M and L this black hole becomes an extremal one, i. e. these two horizons
merge. This means that the Hayward metric can describe an extreme black hole. Formation of an extreme

black hole is possible under the following conditions: M = %3 L.

The shadow of a Hayward black hole

In order to describe a black hole shadow, one needs to find a photon sphere. For this purpose we need
to find a solution at which photons move in a circular orbit in the black hole potential. The Lagrangian
for the metric (41) has the following form:

0o 1 . 2Mr? dt? (4 2Mr? dr? 2 dO2
~2 73 + 2MI2 ) dA? Br2Mmiz)az T Al (43)

Using this Lagrangian, we can find the effective potential V

(44)

2Mr? L
r_z.

Vers :E2‘<1‘m

From (44) and the condition for the existence of circular orbits, we have an expression for the shadow
of the Hayward black hole:

r® — 3Mr® + 4L2Mr3 + 4L*M? = 0. (45)

It is easy to see that if we put L = 0, the radius of a photon sphere becomes the Schwarzschild one
r . — 3M.
ph
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Dynamical shadow of the Hayward black hole

In the previous subsection, we described the static model. In the static case, the effects associated
with accretion and radiation are not taken into account, which is well suited for a superficial study of the
model and properties of the black hole. However, for a deeper understanding of this object, it is neces-
sary to set a task closer to reality. The obtained experimental data are based on the fact that telescopes
detect X-ray emission, which is caused by the friction of the plasma that forms the accretion disk, and
the model has to be improved to take into account the effects associated with the accretion of matter.

We use the Eddington—Finkelstein coordinates {v, r, 6, ¢}, in which the Hayward spacetime takes the
form:

ds?=—(1- 2M()r® dv? + 2dvdr + r?dQ? (46)
r3 + 2M(v)L(v)? '

Since the components of the metric tensor are time-dependent, a time-like Killing vector does not
exist, and the solution becomes analytically difficult since the energy is not conserved. To simplify the
task, we need to carry out conformal transformations. In the paper (Nielsen 2014) it was proven that the
existence of a conformal Killing vector is possible with the following choice of mass and regularization
functions:

M) = v,
L2(v) = a&?v? (47)

By introducing these transformations into the metric, we obtain:

2uvr
ds? =—(1—-—————5—
s < r3 4+ 2uaé?v’

2
) + 2dvdr + r2Q2. (48)

We also make coordinate transformation:

T
vV =1, exp <r_)
0

T
r = Rexp (—) (49)
To
Then considering (48) and (49), we get:
2T
ds? = exp (—) ds?,
To
2uroR? 2R
ds? = —(1-—"____Z2) 472 4 24TdR + R?d¢?. (50)
R3 4+ 2ual?ry 1,

Based on the obtained data we can write down the effective potential in the form:

Vo = (1 - 2Tk 2R E? (51)
efr = R3 4+ 2uaé?r? 1y ) R? '

This expression has a complex analytical form. For simplicity, we note that we can perform the fol-
lowing substitutions:

2uroR?  2pum
R3 + 2uaé?r? R

—&(R). (52)

This leads to the fact that the F(R) is reduced to the form:
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2UT, 2R
120y =22, (53)
R Ty
2urg 2R,

And as we know (Heydarzade, Vertogradov 2024), 1 — —— — —is F(R) for dynamic Vaidya spacetime.
0

And we can describe the effective potential as the sum of two components, F(R) for Vaidya spacetime
and £(R). Then we need to find &(R):

2uroR? 2ury
eR) =-— >3
R3 + 2paé?rg R
_ Aptagtry
" R*+ pa&2gR’ (54)

From (53) and (54) we can find the effective potential V' L aS:

2ur, 2R 4uta&?ry \ L2
Vs =(1- Ko _ 2R L‘)g ~_ _E2 (55)
R o R*+ ua&?ryR

R2

It follows that the radius of the photonsphere can be represented as the sum of the radius of the
Vaidya photonsphere and the radius of the function &(R):

R, = Ry + aR,. (56)

Since the radius of the photon sphere in the Vaidya case is already known, we only need to find R_.
For this purpose we write down V o

Verr = b2Q(R)(1+ aQ(R)) — 1. (57)
Functions Q(R) and G(R) are
2ury 2R
1% 2%
0(R) = ( };2 Ty )’
4ul&rrs 1
G(R) = . (58)
R4 23R 2ury 2R
(R* + aué&?r; )(1_%_K)
From (24) we find:
Q'(R)(1 - aG(R)) — aQ(R)G'(R). (59)

Assuming that a is very small, we write (59) as:
Q" (Ro)aRy — aG'(Ry)Q(R,) = 0. (60)
Hence it follows

G'(Rp)Q(Ry)

- _ 61
e = =0y e
In order to find R , we need to calculate functions Q"(R), G'(R)Q(R). To simplify the calculations, let
us assume that1 — ZI:TrO - Zr—R = h(R). Then
0
h(R)
QRR) = ?.
6r) =28 (62)
~ h(R)’

Physics of Complex Systems, 2024, vol. 5, no. 3 163



Black hole shadow: Experimental test of different models and shadow...

From this expression we can represent the equations in a general form:

h'(R) — 2h(R
om =R HE)
h"(R)R — h'(R
i < ERK®
G'R) =° (R)h(R,zzzR}; e (63)

Let us use the condition that /'(R) — 2h(R) = 0. Then we can make the following transformations:

R - Ze(R)

G'(R) hR) :
h"(R) — 2h(R
OO )
, £'(R) — 2¢(R)
G'Q(R) S E— (64)
Then substituting (61) into (64), we find:
_ R?¢'(R) — 2Re(R)
B= =R —h® (65)
And from (64) and (65) we obtain:
272..5
Ry = -T2 (66)

Since R_is negative, the photonsphere radius R " will be smaller than R,. Thus, we can conclude that
the regularization parameter reduces the shadow size, which should be taken into account when obtaining
experimental data.

Conclusions

The investigation of black hole shadows can give us a better understanding of these mysterious objects.
It is a well-established fact that the Schwarzschild metric is good at describing some effects of the black
hole, but it does not describe the real astrophysical object. For this reason, one should seek for alterna-
tive black hole models and compare them with only accessible experimental data obtained by the Event
Horizon Telescope Collaboration. However, even this knowledge allows one to reject several models.
Recently, it was proven that a primary hair in hairy Schwarzschild and Reissner — Nordstrom spacetimes
obtained by gravitational decoupling (Ovalle et al. 2021) always increases the radius of a photon sphere.
It means that we can say that hairy a Schwarzschild black hole does is not suitable for describing the
black hole in the center of our galaxy. The primary hair also increases the radius of a photon sphere
in a charged version of this solution. However, it can still be a suitable model which demands even more
charge than Reissner — Nordstrom, though. In this paper we showed that the Reissner — Nordstrom
charged black hole and the regular Bardeen and Hayward black holes might suit as models for describing
the supermassive black hole Sagittarius A* in the center of our galaxy. However, the amount of electrical
charge of ~10%6 C sounds unrealistic for a real astrophysical black hole. A real astrophysical black hole
is surrounded by an accretion disc. This disc has an influence on the black hole metric, and if we assume
constant accretion onto the black hole, then it should change its mass. This fact tells us that the spacetime
around these objects should be dynamical. However, we encounter serious problems with constructing
a black hole shadow for dynamical spacetimes because in general, it does not have enough constants
of motion to reduce the second-order differential equations to the first one although the first steps in this
direction have been made in the paper (Vertogradov, ngiin 2024a). Thus, we should seek for extra
symmetries to introduce a new conserved quantity along null geodesics. This extra symmetry can be
a consequence of the existence of a conformal Killing vector. We have found conformal Killing vector
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for a Hayward regular black hole and introduced a coordinate transformation to conformably-static
coordinates. This allowed us to calculate a shadow for dynamical Hayward spacetime. Although a full
analytical description is not possible in this spacetime, we can estimate the influence of the extra para-
meter L on the size of a shadow. Analytically, we were able to prove that this regularization parameter
L always decreases the radius of a photon sphere and can serve as a good model for describing the su-
permassive black hole Sagittarius 4*.
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Ousuka KOHACHCHUPOBAHHOTO COCTOAHUA

JICCAEAOBAHME CTOMIKOCTU IMTOKPBITIV TOPOIIKA CTAAYL K ATMOC®EPHON
KOPPO3UN

VBan Bukroposnu Illlakupos, Anton Cepreesny JKykos, Buraauit BssuecaaBoBuu boObips, [TaBea
Anexceesunu KysHerioB

Annoranus. CyuiecTByeT npobAeMa XpaHeHMsI OCHOBHOTO MaTepraAa B YCAOBUSX MPUMEHEHUS
TEXHOAOIMI1 Aa3epHOr0 CYHTE€3a — METAAAOIOPOUIKOBBIX KOMIIO3MLIMI CTAA€M U CIIAABOB, KOTOpbIE
00A2AQI0T HU3KOV KOPPO3MOHHOM CTOMKOCTBIO. AaHHOE ICCAEAOBAHNE HATIPABAEHO Ha U3y4YeHle YCTOM-
YMBOCTU IOKPBITUIL, HAHECEHHBIX METOAOM XMMUKO-TepMuieckoi oopadotku (XTO) Ha moBepxHOCTH
IIOPOILKA CTaAl, KOTOpasi 00AapAaeT HU3KOM CTOMKOCTBIO K aTMOChepHOIt Koppo3uu. IIpoBeaeHbl AAU-
TeAbHBbI€e MCIIBITAaHMS TIOPOIIKOBBIX IPOO C Pa3AMYHBIM COCTAaBOM ITOKPBITUI B YCAOBMSIX €CTECTBEHHOM
aTMOCQEPHOIT BAQXKHOCTU UM TEMIIEPATYPhI OKpysKatoleil cpeabl CeBepo-3anapHoro ¢peaepasbHOTO
okpyra PO B TeueHue ABYX AeT. OLIEHMBAACS XMMUYECKIIT COCTaB 00Pa3LioB AO U ITOCA€ VCIIBITAHVA.
OrnpepeAeHNe XMMUYECKOTO COCTaBa M MOPGOAOTMY YACTUL, IPOU3BOANAOCH METOAOM PEHTTEHOCTPYK-
TypHOro mukpoaHaausa (PCMA) ¢ ncrnoab3oBaHMe paCTPOBOrO A€KTPOHHOT0 MMUKpockomna (POM).
ITokasaHo, YTO MOKPBITUS, HaHECeHHbIe MeTOAOM X TO, He CO3AAI0T CIAOLIHONM 3ALIUTHI M YCKOPSIOT
KOPPO3MOHHbIE ITPOLIECCHI 10 CPABHEHUIO C TEPMOOOPAOOTaHHBIM IIOPOLIKOM MCXOAHO CTAAM.

KaroueBbie cAOBa: aAAVTVIBHBIE TEXHOAOT MY, CEAEKTVBHOE Aa3€pHOE CIIAABAEHME, IPAMOe Aa3epHOe
BbIpallBaHNe, METAAAOIIOPOIIKOBbIE KOMITO3ULIMH, 3aIATa OT KOPPO3UU, XMMUKO-TepMuIecKasi 00-
paboTKa, TOAOTPAHCIIOPTHBIN METOA

Aas putuposanus: Shakirov, I. V., Zhukov, A. S., Bobyr, V. V., Kuznetsov, P. A. (2024) Research
of the protective ability of coatings on steel powder against atmospheric corrosion. Physics of Complex
Systems, 5 (3), 111-123. https://www.doi.org/10.33910/2687-153X-2024-5-3-111-123 EDN JDEKGG

BANAHNE MNMOHM3NPYIOIIETO OBAYYEHUA N BPEMEHV TPABAEHUNA
HA HU3KOTEMITEPATYPHYIO PEAAKCALINIO B TIOAVNBUHVUANAEH®TOPUAE

Eaena AaexceeBHa Boaruna, Amutpuit DayapaoBud TemHOB, YabsaHa BaapumuposHa [lnHaesa

AnHOTanus. B paMKax HACTOSIIEr0 ICCAEAOBAHMSI M3YUEHO PeAaKCALIIOHHOE IT0BeAeHYe TIOAYKPH-
CTAaAAMYECKOTO TIOAMMepa noAuBKMHMAMAEeHOTOpUAA (TTBAD) ¢ McroAb30BaHMEM METOAQ TEPMOCTUMY-
aupoBanHon Aenoasipusanuu (TCA). DKcriepuMeHTaAbHbIE M3MepeHUsT ObIAM BBIIIOAHEHBI Ha TOHKUX
naeHkax [IBA®, moaBepruyToix obAydeHmio TspkeAbiMu nonamu Ne *, Xe 26 u Bi °2* ¢ sHeprusimu
ok0A0 1,2 MaB/uykaoH pAast Ne ** 1 Xe ** u mpumepHo 3,1 MaB/uykaoH aast Bi °2*. AHaAU3 MOAyYeHHBIX
criekTpoB TCA BBISIBMA HaAMuYMe TPEX OCHOBHBIX PeAaKCALMIOHHBIX IIPOLIECCOB IIpY TeMIlepaTypax
okoA0 —45 °C, 20 °C 1 40 °C. YcTaHOBAEHO, UTO MTOCAEAYIOlee XMMUYeCKoe TPaBAeHMe ITA€HOK ITPUBO-
AVT K BO3HMKHOBEHVIO HOBOT'O PEeAAKCALIMIOHHOTO Ipolecca Ipy Temueparype okoao —10 °C, 4yTo MoxeT
OBITb CBSI3aHO C IOSIBA€HVEM PEAAKCATOPOB HOBOT'O TUIIA HA TIOBEPXHOCTY TPEKOB.

KAroueBble cAOBa: TOAVBUHMAVAEHPTOPKA, TEPMOAKTMBALIMIOHHAS! CIIEKTPOCKOINS, TEPMOCTUMY-
AVIDOBaHHAs AEMOASIPU3aLiVs, TPEKOBble MEMOPaHBI, OBICTPBIE TSPKEAbIE IOHBI

Aas uutupoBanust: Volgina, E. A., Temnov, D. E., Pinaeva, U. V. (2024) The effect of ionizing radiation
and etching time on low-temperature relaxation in polyvinylidene fluoride. Physics of Complex Systems,
5 (3), 124—128. https://www.doi.org/10.33910/2687-153X-2024-5-3-124-128 EDN LZFLTK

PACITAA METACTABMIABHBIX ATOMOB B IIOCAECBEYEHV OAHO3AEKTPOAHOTI'O
ITPOBOA

Baaaucaas BuraabeBuu 3aaetos, AaexcaHap Vropesuu lllnmmnanos, FOpuit 3unosbeBuy VMonux

AnnHoTanus. ITpoBeA€eHbI 9KCIIepMMEHTaAbHbIE ICCAEAOBAHMS BOAH MOHM3ALUY, KOTOPbIE ITpeABa-
PSIIOT TPOOOIT B AAMHHBIX Pa3psIAHBIX TPYOKax B HEOHe IIPU HU3KOM AaBA€HMU. BOAHBI MOHM3aL MK
BO3HMKAAM IIPU IIOAQUe IPSMOYTOABHBIX MMIIYABCOB HAaIpsDKEHMsI HA BBICOKOBOABTHBIN DAE€KTPOA
paspsaHOI TpyOku. Vi3sMepeHbl KOHIL[EHTPALMM aTOMOB HeOHa Ha MeTacTabuabHOM yposHe 1s (*P),
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BO3HUKILVX TIOCA€ IIPOXOXKAEHVSI BOAHBI MIOHU3ALIMM 1 OKOHYaHMsI IP0o60s1. OnpeAeAeHbl XapaKTepHble
BpeMeHa paciapd 3TUX COCTOSIHMIT M SAeMeHTapHbIe MPOLIeCChl, OTBETCTBEHHbIE 32 IMbeAb MeTacTa-
OMABHBIX aTOMOB B Han0OA€e 3HAUUTEABHON CTENEeHM.

KAroueBble cAoBa: ra3oBblil pa3psip, IpoboIl, BOAHA MOHM3ALIMY, TIAA3Ma, IOCAECBEYEHNE, HEOH,
MeTacTabMAbHbIE aTOMBbI, SAeMEHTapHbIe IPOLIeCCh

Aast yutupoBanust: Zaletov, V. V., Shishpanov, A. L., Ionikh, Yu. Z. (2024) Decay of metastable atoms
in the afterglow of single-electrode breakdown. Physics of Complex Systems, 5 (3), 129—134. https://www.
doi.org/10.33910/2687-153X-2024-5-3-129-134 EDN JQUJTT

Teopernyeckas pusuka

KBA3VIOHEPT VISl XAOTMYECKMX COCTOSIHIM B 3AAAYAX HEAUHEMTHOVI AVHAMMKIAL
BBIPOKAEHVE COCTOAHUNI, OBYCAOBAEHHOE CUMMETPUEN CUCTEMBI

AaexcaHpp BukTopoBuy Asiniies

AnHoTanus. PaccMaTprBarOTCs XaoTUYECKME€ COCTOSIHUS B CHCTEMe CBSI3aHHBIX OCLIMAASITOPOB
Ayddunra. BBoAUTCS MOHSTUE «KBa3MAHEPIUsI CUCTEMbBI», aHAAOTUYHOE TIOHITUIO «KBa3MaHepPIus
KBaHTOBOMEXAHMNYECKOI CUCTEMBI», HAXOASILIENICSI TOA BO3AEIICTBIEM BHELIHETO IIEPUOANYECKOTO MTOASL.
[ToxasaHo, 4YTO B OTCYTCTBUM CBSI3M MEXAY OCLIMAASITOPAMU B pacCMaTpUBaeMON CUCTEMe IIPU U3Me-
HEHMY BHELIHET0 BO3AEVICTBISI PEAAM3YIOTCS XaOTUYeCKIe COCTOSIHMUS C OAHMM 3HaueHMeM KBasuaHep-
Ty, HO Pa3HbIMU 3HAYEHMSIMY MOMEHTA MITyAbCa. DTOT (HAaKT MOXKHO MHTEPIIPETUPOBATh KaK CYllje-
CTBOBaHNE BBIPO>KAEHHBIX XaOTUYECKMX COCTOSIHMIT CUCTeMbI. UMCAEHHBII SKCIIEPUMEHT IT0Ka3bIBaeT,
4TO y4yeT B3aMMOAEVCTBYSI MEXAY OCLIMAASITOPAMU MTPUBOAUT K PacCIlielIA€HUIO KBa3dHEPI UM, aHAAO-
TMYHOMY PACIENIA€HUIO YPOBHSI KBa3MaHEPIUY B KBAHTOBOMEXAHNYECKOI CUCTEME.

KAroueBble cAOBa: HeAVHENHASI AVHAMYKA, XaOTUYeCKVe COCTOSIHMS, KBa3MOHEPI s, BBIPOXKAEHHbBIE
COCTOSIHUSI, YUCAEHHBI SKCIIEPUMEHT

Aast puTupoBanus: Liaptsev, A. V. (2024) Quasienergy of chaotic states in problems of nonlinear
dynamics. Degeneration of states due to the symmetry of the system. Physics of Complex Systems, 5 (3),
135-145. https://www.doi.org/10.33910/2687-153X-2024-5-3-135-145 EDN ENIIBG

NMHOOPMALMA O CAOXHBIX OUINYECKUNX CUCTEMAX: ITAOCKOCTbD
B3AVIMOAEVCTBYIOIINX AMITAUTYA KOAMOTOPOBCKOI CAOKHOCTU

Aparyrun Muxarnaosud, Bupsxeir Cunrx

Annortanus. OAHa 13 OCHOBHBIX TPYAHOCTEI IIPY U3YYEHUN CAOXKHBIX (PM3UUECKUX CUCTEM 3aKAIO-
4aeTcsl B OTNIPEAEAEHNM BKAAAA CAOXKHOCTEN OTAEABHBIX KOMIIOHEHTOB B CAOXKHOCTD CUCTEMBI B LIEAOM.
B 1jeAsix usyuyeHust AQHHOM MPOOAEMbI Ha OCHOBE KOAMOTOPOBCKOI CAOXKHOCTM HAMU TIPEAAOYKEHA
IIAOCKOCTb KOAMOTOPOBCKOJT CAO’KHOCTHU. B X0A€ HACTOSIIEro 1CCAEAOBAHMSI TAOCKOCTD KOAMOTOPOB-
CKOJ CAOXXHOCTU ¥ KOAMOTOPOBCKAasl CAO’KHOCTb OBIAM TIPYMEHEHBI B OTHOLIEHU e)KeAHEBHBIX (13-
MEPEHHBIX) U e)KeMeCSYHBIX (BOCIIPOM3BEAEHHBIX ITPY OMOIIM KAVMATUYEeCKO MOAEAN) TIOKa3aTeAEeN
0CaAKOB, 00pa3yOIIMX CAOKHYIO GM3UYECKYIO CHCTEMY, @ TAK)KE B OTHOILIEHUY TEMIIEPATYPBI U AABA€E-
HYISI BOASIHOTO T1apa, BBICTYIAIOIIMX B POAY OTAE€ABHBIX KOMIIOHEHTOB CUCTeMbl. Ha OCHOBe TAOCKOCTU
KOAMOT'OPOBCKOV CAOXKHOCTY OBIAM OIIPEAEAEHBI HTEPBAABI B3aMIMOAEVICTBYIOLIMX aMIIAUTYA, B KOTO-
PBIX HAOAIOAQAVICh BKAQABI CAOYKHOCTEI KOMIIOHEHTOB B OOII[YI0 CAOXKHOCTDb CYCTEMBI.

KAroueBbie cAOBa: CAOXKHBIE PU3MYECKIE CUCTEMBI, KOAMOTOPOBCKAsI CAOXKHOCTb, CITEKTP KOAMO-
TOPOBCKO CAOXKHOCTHU, ITAOCKOCTb KOAMOTOPOBCKOM CAOXXHOCTH, 001jasi CAO’KHOCTb, CAOXKHOCTD
KOMIIOHEHTOB

Aast nurupoBanus: Mihailovi¢, D. T., Singh, V. P. (2024) Information in complex physical systems:
Kolmogorov complexity plane of interacting amplitudes. Physics of Complex Systems, 5 (3), 146—153.
https://www.doi.org/10.33910/2687-153X-2024-5-3-146-153 EDN WTEGLX

TEHDb YEPHOW ABIPbI: 9KCITEPUMEHTAABHA S ITIPOBEPKA PASANYHBIX MOAEAEN
U TEHU YEPHOI1 ABIPBI XEMIBOPAA

Butaauit AmutrpueBuy Beprorpapos, Aanna BauecaaBosHa lllakyH, Mapk AAaexceeBrd 3axapoB

AnHoTtanus. HepaBHMe HAOAIOAEHVIS TEHEN YEPHBIX ABIP IPYBHECAM PEBOAIOLIVIOHHBIN B3TASIA Ha HALly
CIIOCOOHOCTDb MICCAEAOBAThb I'PAaBUTALIMIO B SKCTPEMAaABHBIX Cpeaax. B AaHHOI paboTe nmpeacTaBAaeHa
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HOBasI aHAAUTUYECKAsI MOAEADb TEHV AMHAMUYECKOI YepHOIT ABIpbI XeilBopaa. B cTaTbe mokasaHo, 4To
IIpY HEKOTOPOM BBIOOPE MaCChl ¥ PETyASIpM3aLIMOHHBIX (PYHKILMI 5TO IPOCTPAHCTBO-BPEMSI AOITYCKaeT
romMoTreTn4eckuit BeKTop Knaantra, uto nospoasier cBectu AuddepeHuasbHbie ypaBHEHNS ABVKEHNS
BTOPOTO MOPSIAKA K YpaBHEHVSIM ITePBOro nopsiaka. [Tocae aToro BBoAUTCsI MpeobpasoBaHme KOOPAMHAT
K KOH(pOPMHO-CTaTMUECKMM KOOPAMHATAM U HOBasl COXpaHsieMasi BEAMYMHA BAOAb HYAEBBIX T€0AE31-
yeckux. [To pesyAbTaTam pelieHui CAeAaHbI BBIBOADL, YUTO B AVHAMUYECKOM CAyYae IlapaMeTp Peryasi-
pusaLuu BCerpa yMeHblaeT papuyc poronHon cepol. Ha 0cHOBe sKCIIepMMEHTAABHBIX AQHHBIX, TIOAY-
4YeHHBIX KoAaAabopauuen The Event Horizon Telescope Collaboration, cpaBHeHbI TOAYYEHHBIE
nsobpakeHus Crpeabuia AN ¢ TeHbI0 YepHOU ABIPBI Pelicchepa — HopacTtpema, bapauna u XeiiBopaa
COOTBETCTBEHHO.

KaroueBble caoBa: yepHast AbIpa, PoTOHHAs chepa, 3aBUCUMOCTb OT MacChl, TeHb, AUHAMMYeCKas
yepHas AbIpa XenBopaa

Aast nutuposanus: Vertogradov, V. D., Shakun, A. V., Zakharov, M. A. (2024) Black hole shadow:
Experimental test of different models and shadow of dynamical Hayward black hole. Physics of Complex
Systems, 5 (3), 154—166. https://www.doi.org/10.33910/2687-153X-2024-5-3-154-166 EDN WWBQPT
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