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Abstract. This article presents the results of experimental studies into the frequency dependences relating 
to the specific electrical conductivity of frozen water-containing dispersed systems. The focus is on real 
Arctic soil models in which ice with dissociating impurities of acids and non-dissociating impurities 
of saccharides acts as a dispersed phase. The studies were conducted at temperatures from 130 to 270 K 
and the frequency of the external electric field from 25 Hz to 1 MHz. A frozen dispersed system with 
impurities of orthophosphoric, sulfuric, nitric acids, fructose, and sucrose is examined for static and 
high-frequency conductivity, relaxation time, and orientation and ionic defect conductivity based 
on the Debye equation, the Jaccard model, and the theory of ionic thermal polarization. Comparison 
of how effectively impurities affect the specific electrical conductivity of a frozen dispersed system is given. 
A model of frozen water-containing systems is proposed to explain the electrical properties of pure systems 
and systems with impurities.

Keywords: water-containing dispersed system, specific electrical conductivity, ice, dissociating impurities, 
activation energy, relaxation time

Condensed Matter Physics.  
Solid state physics

Introduction

Frozen water-containing dispersed systems (WDS), in which ice with dissociating and non-dissocia
ting impurities acts as a dispersed phase, are widespread in nature, in particular in the circumpolar 
Arctic region. When studying the electrophysical properties, such soils are modeled with fine-grained 
quartz powder with a low specific electrical conductivity of 10-15 S/m (Koposov 2004; Petrenko, Whit-
worth 2006), while the specific electrical conductivity of ice and distilled water is 1000 times greater 
(Zatsepina 1974).

According to the WDS model (Volkov, Koposov 2021), charges in an electric field can move through 
a film of bound water or through a layer of ice. In this case, the charge of the bound water film is positive. 
It appears at the boundary with the granules of the dispersed medium, as well as at the boundary of bound 
water and ice. The atoms of the dispersed medium particles will move towards the ice (Koposov 2004; 
Koposov, Tyagunin 2013; Tonkonogov 1998; Volkov, Koposov 2021), and an excess of negative charges 
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will appear on the intergranular ice layer due to orientation defects and ions. This causes an increased 
concentration of negative carriers in the pure ice.

When dissociating impurities are added to water, the impurity ions will be embedded in the crystal 
structure of the ice during freezing. H+ ions increase the concentration of either D+ defects or H3O

+ ions 
(Koposov 2004; Tonkonogov 1998; Zatsepina 1974). The negative ions of the acid residue surround 
the positive D+ or bound H3O

+ ions.
The conductivity in this kind of WDS is due to the presence of defect carriers, orientation and ionic 

defects in the ice structure with inclusions of impurity molecules, ionic defects of acid residues, and 
static defects of large molecule inclusions. Carrier generation depends on the humidity and temperature 
of the sample, as well as the type and number of defects through which conduction is carried out.

The first phenomenological theory of the electrical properties of ice was proposed by Jaccard (1959). 
The main provisions of this theory are described in a review (Tonkonogov 1998) and a monograph (Pe-
trenko, Whitworth 2006).

Methods

Fine-grained quartz powder was used as a soil model, acting as a dispersed medium in a frozen 
moisture-containing dispersed system. The dispersed phase was ice with dissociating impurities of mono-
basic HNO3, dibasic H2SO4, and tribasic H3PO4 acids, and non-dissociating impurities of saccharides — 
monosaccharide C6H12O6 and disaccharide C12H22O11. The concentration of impurities ranged from  
10-6 to 10-2 M, with the WDS humidity of 12%.

The acid residue of the dissociating impurity is NO3‑, SO4
2‑, and PO4

3‑. In the ice structure, it can re-
place a crystal lattice node or be embedded in it (Koposov 2004; Volkov, Koposov 2021). Saccharide 
molecules are much larger than the structural units of the crystal lattice of ice, and the molecules exist 
as inclusions in the structure of the dispersed phase.

The specific electrical conductivity was determined using a measuring stand based on an E7-20 im-
mittance meter (Belarus). The studied frequency range of the immittance meter ranges from 25 Hz  
to 1 MHz with an adjustable frequency step. A WDS sample with an admixture of various concentrations 
was placed in a measuring cell-a flat capacitor connected to the terminals of an immittance meter. Cryo-
statization was carried out using liquid nitrogen in a thermostat by selecting the heater power of the cham-
ber in which the measuring cell was placed. Thus, the measurements were carried out in the temperature 
range from 130 to 270 K.

Taking into account the measurement of the conductivity G of a flat capacitor, the specific electrical 
conductivity of a substance was calculated using the formula

0( )G G d
S

s −
=

, (1)

where G0 and G are the conductivities of an empty and filled cell, respectively, S is the area of the elec-
trodes, and d is the distance between the cell plates.

The relative error in determining the values of specific electrical conductivity at a frequency of 1 kHz 
did not exceed 3%.

Results and Discussion

Based on the calculated values of σ according to equation (1), frequency dependences σ = f(ω) were 
obtained at a given temperature (Fig. 1). An example of frequency dependences of specific electrical 
conductivity for a WDS sample with a humidity of 12% is given a) with an admixture of orthophospho-
ric acid with a concentration of 10-4 M at different temperatures and b) with an admixture of fructose 
of various concentrations at temperatures of 250, 210, and 170 K.

Characteristics of electrical properties included the following parameters: low-frequency (static) σS 
and high-frequency σ∞ specific conductivities and temporary relaxation of specific electrical conductivi
ty τ. The characteristic parameters of the dependencies σS and σ∞ were determined through a multino-
mial representation of the dependencies σ(ω) or σ(1/ω) by the free term for ω→0 and 1/ ω→0 (Volkov, 
Koposov 2018; Volkov et al. 2016).
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It should be noted that for some moisture-containing dispersed systems, the dependence σ(ω)  
in the first approximation (Koposov 2004; Volkov, Koposov 2018; 2021; Volkov et al. 2017) is satisfacto-
rily described by the Debye frequency dispersion

2 2( )
1

S
s

s ss ω s
ω τ

∞ −= +
+

.	 (2)

In this case, the selection of the parameters σS and σ∞ and the relaxation time τ was carried out using 
software (Volkov 2020), which allows approximating the experimental curves with a given function. 
Using software, the experimental curves (Fig. 1) were approximated by a function of the form (2) to de-
termine static and high-frequency electrical conductivity, as well as relaxation time.

Fig. 2 shows the temperature and concentration dependences of these characteristics for all the im-
purities studied at a sample humidity of 12%. : For saccharide impurities, a higher temperature is observed 
than for acid impurities at the beginning of carrier generation, determined by the intensity of the increase 
in σS values and, as a result, a higher activation energy. The concentration dependence for non-dissocia
ting impurities is weak, and for acid impurities, the values of both static and high-frequency conducti- 
vity increase as impurity concentration rises. The differences between the temperature dependences  
of the high-frequency components of the specific electrical conductivity of various types of impurities 
are insignificant; for saccharide impurities up to 200 K, there is a range of constant values associated 
with insignificant defect generation. The relaxation time values for saccharide impurities are lower 
in comparison with dissociating impurities, and the concentration dependence is weak.

The behavior of the electrical properties of WDS samples, primarily with dissociating impurities, 
is undoubtedly related to the activity of the electrolyte solution. According to (Popova 2007; Vasilev 
2002), the activity a of an aqueous electrolyte solution can be calculated using the formula

a f C= ⋅ , 	 (3)

where f is the average activity coefficient, and C is the molar concentration of the impurity in the solu-
tion. The average activity coefficient for the AmBn electrolyte is related to the activity coefficients of in-
dividual ions f1 and f2:

1 2( ) ( )m nm nf f f+= ⋅ .	 (4)

The values of the activity coefficients of individual ions were calculated using the Debye and Hückel 
formulas (Popova 2007):

2

2

lg( ) ,  with 0.01

lg( ) ,  with 0.01< 0.1
1

i

i

f A Z

A Zf
Bb

µ µ

µ
µ

µ

 = − ⋅ ⋅ <

 ⋅ ⋅

= − < + ⋅

, 	 (5)

where A and B are constants depending on the temperature and dielectric constant of the solvent (for 
water, A = 0.5, B = 0.33), Z is the ion charge, and b is the empirical constant, v ≈ 3 Å. For more accurate 

Fig. 1. Frequency dependence of the specific electrical conductivity of WDS with humidity W = 12%  
(a) with an admixture of H3PO4 at a concentration of 10-4 M at different temperatures  

and (b) with an admixture of fructose of various concentrations at different temperatures

b)a)
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Fig. 2. Dependences of static σS, high-frequency σ∞ specific electrical conductivity, and relaxation time τ of WDS 
with various impurities on a) temperature at C = 10-3 M and b) impurity concentration at T = 250 K

a1)

a2)

a3)

b1)

b2)

b3)

calculations, tabular data were used (Lure 1989; Ravdel, Ponomareva 2002) at the studied impurity con-
centrations, 0 °C temperature, and normal pressure. In equation (5), m is the ionic strength of the solu-
tion, which determines the magnitude of the electrostatic interaction between ions, calculated using 
the expression

20.5 i iC Zµ = ⋅ ⋅∑ .	 (6)

The values of the calculated activity of the solutions and the ionic strength of the solution with acid 
residues are shown in Table 1 (for t = 0 °C).

For the concentration dependences of the characteristic parameters with dissociating impurities, 
the intensive growth of the parameters begins with concentrations of 10-5 M for the HNO3 impurity,  
10-4 M for H2SO4, and 10-3 M for H3PO4. This is due to the degree of dissociation of the corresponding 
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acids. Despite the fact that the activity of sulfuric acid is greater than that of nitric acid, the latter is more 
likely to dissociate into a proton and an acidic residue, while sulfuric acid dissociates into a proton, HSO4, 
then H+, and SO4

2. The amount of sulfuric acid residue ions is determined by the impurity concentration. 
Orthophosphoric acid of medium activity dissociates into H+, H2PO4, HPO4

2, and PO4
3 in solutions, and 

the existence of the H2PO4 ion is highly probable. 
According to Jaccard’s theory (Jaccard 1959), the following expressions are valid for electrical con-

ductivity:

2 22
оr ion

Sоr ion

e ee
s s s

= + 	 (7)

and

or ions s s∞ = + ,	 (8)

where σor and σion are the contributions of orientation (L and D) and ionic (H3O
+ and OH-) defects  

to electrical conductivity, respectively, eоr/e = 0.38 and eion/e = 0.62. Then 

2 20.62 0.38( )or ion
S ion or

s s s
s s s

∞  
= + + 

 
 and 2 2 2 20.62 0.38 0.62 0.38or ion

S ionоr

s ss
s s s

∞ = + + + .

By entering the notation or

ion

X s
s

= , we obtain a quadratic equation for finding X:

2 2 2 2 20.62 0.62 0.38 0.38 0
S

X Xs
s

∞ 
+ + − + = 
 

	 (9)

Let us analyze the dependences of the ratio of orientational and ion defect conductivities on the tem-
perature and impurity concentration shown in Fig. 3. 

The predominance of orientation defects is typical for all types of impurities in the region of negative 
temperatures. Depending on this ( )1or

ion
f T

s
s = , an extremum is observed near T = 190 K for impuri-

ties of dissociating acids and T = 250 K for saccharide impurities. This inflection corresponds to the be-
ginning of ionic defect generation; for saccharide impurities, it is primarily associated with the appear-
ance of a liquid phase. From the concentration dependence ( )or

ion
f Cs

s =  at T = 250 K, it follows that 
for acid impurities, the generation of ionic defects begins at a concentration of C < 10-4 M, for saccharides 
at C < 10-5 M, and for sucrose impurities, the dependence is weaker than for fructose impurities. The con-
centration dependence is primarily related to a decrease in the melting point and pre-melting of the dis-
persed phase with an increase in the impurity concentration.

The effect of impurities of various concentrations on the values of orientational and ionic defect 
conductivities, depending on the temperature and concentration of the impurity, is shown in Fig. 3.  
An admixture of acids makes a positive contribution to the conductivity of orientation and ionic defects 
in the region of negative temperatures, in contrast to impurities of saccharides. Moreover, the maximum 

Table 1. Values of the activity of solutions of dissociating impurities and the ionic strength of the solution

a, m/l Kd

С, М NO3
‑ SO4

2‑ PO4
3‑ HNO3 H2SO4 H3PO4

10-6 9.99×10-7 9.94×10-7 9.79×10-7 43.6 1×103

1.2×10-2

7.52×10-3

6.31×10-8

1.26×10-12
10-5 9.97×10-6 9.80×10-6 9.35×10-6

10-4 9.92×10-5 9.39×10-5 8.14×10-5

10-3 9.76×10-4 9.28×10-4 5.56×10-4

10-2 9.29×10-3 5.93×10-3 2.60×10-3
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a1)

a2)

a3)

b1)

b2)

b3)

Fig. 3. Dependence or

ion

s
s  of the effectiveness of the impurity effect on the conductivity values  

for orientation and ion defects of WDS with various impurities on a) temperature at C = 10-3 M  
and b) impurity concentration at T = 250 K

effect is on σor for impurities of nitric and orthophosphoric acids, and on σion for sulfuric acid. For dis-
sociating impurities, the contribution to σor and σion depends on the impurity concentration, while for 
non-dissociating impurities, the concentration dependence is weak.

The graphs obtained confirm the effect of the impurity on the specific electrical conductivity depending 
on the activity of the ions of the acid residue.

In accordance with the theory of ion relaxation polarization (Koposov 2004; Koposov, Tyagunin 2013), 
electrical conductivity 

2 2

( )
12s
q n

kT
ds s
τ∞ − = ,	 (10)

where q is the ion charge, n is the ion concentration, δ is the ion jump length, and τ is the relaxation  
time. Then
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2 2

( )
12s

q nT
k
ds s τ∞ − ⋅ ⋅ = .	 (11)

The dependence ( ) ( )s T f Ts s∞ − ⋅ =  (Fig. 4) then contains information about the temperature de-
pendence of the ion concentration n(T). Therefore, ( )imp

s
imp Ts s τ∞D −D ⋅ ⋅ , provides information about 

the dependency ( )impn TD .
In the region of negative temperatures near 0 °C, a sample with an admixture of nitric acid is a con-

ductor for a given concentration, which is atypical of other dissociating impurities. The concentration 
dependence (Fig. 4b) suggests that the carrier concentration rises with increasing impurity concentration 
from C=10-4 M. For WDS samples with non-dissociating impurities, the temperature dependence is iden-
tical, and the concentration dependence does not appear.

Equations (7)–(11) make it possible to determine the concentration of orientation defects using 
the formula 

2 20.38
or

or
mn
e

s
τ

= .					     (12)

The values of the relaxation time of the specific electrical conductivity t were in accordance with 
Fig. 2. The obtained dependences of the concentration of orientation defects are very informative and 
shown in Fig. 4. An increase in the sample temperature naturally leads to a rising concentration of ori-
entation defects. For impurities of sulfuric and orthophosphoric acids, an extremum is observed near 
T = 250 K, associated with the pre-melting of the sample. For impurities of non-dissociating acids up to 
T = 230 K, there is a slight increase in the number of orientation defects, which is related to the structure 
of the impurity molecules and the location in the crystal lattice of the ice.

The activation energies obtained from Fig. 4 coincide with the activation energies of orientation 
defects from Fig. 3, which allows us to confirm the satisfiability of formula (12).

Fig. 4. Dependence of impurity carrier additives and the number of orientation defects of the studied samples  
on a) sample temperature and b) impurity concentration

a1)

a2)

b1)

b2)
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Depending on the type of impurity, the values of activation energies vary from 0.4 eV for non-dissocia
ting impurities to 0.6 eV for acid impurities. For acid impurities, an increase in the impurity concentration 
leads to more orientation defects, and for sulfuric and orthophosphoric acid impurities at T = 250 K  
in the range from 10-6 to 10-4 M, the concentration dependence does not appear. For saccharide impurities, 
a rise in the impurity concentration leads to a decrease in the number of orientation defects. Such a dif-
ference in the temperature and concentration dependences of impurity additives and orientation defects 
for different types of impurities is due to the different position of impurity molecules in the ice structure, 
and for dissociating acids, it is also due to the different activity of electrolyte solutions. Similar depen-
dences will be observed for the concentration of ionic defects.

In addition to the effect of impurities on the values of σS, σ∞, σor, and σion shown in Figs. 2 and 3, com-
parisons of the reduced values of the specific electrical conductivity to bulk ice in relation to the reduced 
specific electrical conductivity for bulk ice are presented, which is of undoubted interest. The values can 
be calculated using the formula

(1 )imp ice cell
s s

WDS

V W
m W

ρs s
∞ ∞

+
= ,				     (12)

where ρice is the bulk ice density, Vcell is the cell volume, and mWDS is the mass of the dispersed system 
‘fine-grained quartz — an aqueous solution with an impurity’.

The temperature and concentration dependences of the values ( 0)

imp
S

imp
S C
s

s = and ( 0)

imp

imp C
s

s
∞

∞ =  are shown 
in Fig. 5, a) and b) respectively.

The graphs confirm what has been said about the effectiveness of the impurity effect on static and 
high-frequency specific electrical conductivity, as well as ionic and orientation defect conductivity.
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b1)
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Conclusion

A comparison of the electrical characteristics of frozen WDS with a matrix of fine-grained quartz 
powder with various types of impurities suggests a number of conclusions. The specific electrical con-
ductivity is affected by the ability of an impurity to dissociate. Dissociating impurities have a greater 
effect on the magnitude of the static and high-frequency components of electrical conductivity. They 
are characterized by an increase in parameters with increasing concentration, while the concentration 
dependences of the parameters of non-dissociating impurities are weak. Orientational and ionic defect 
conductivities are most pronounced for dissociating impurities in the temperature range of 200–260 K. 
As the number of impurity molecules rises, the concentration of orientational and ionic defects in-
creases. The effect of an impurity on the values of static and high-frequency electrical conductivity re-
duced to bulk ice indicates a different effect of different types of impurity.

This is due to several factors. Firstly, as mentioned above, impurity molecules (and their acid residues) 
occupy different positions in the structure of the crystal lattice of ice. Ions of the acid residue of nitric acid 
replace the ice lattice site; ions of sulfuric and orthophosphoric acid residues are embedded in the lattice, 
and molecules exist as inclusions. Secondly, the dissociation of different acids releases a different number 
of H+ protons, which primarily affects the conductivity of orientation defects. Thirdly, the studied impu-
rities have different activities, with the lowest observed in non-dissociating impurities.

The electric current in moisture-containing dispersed systems has two paths: through a film of bound 
water and through an ice layer (Fig. 6). 

Fig. 6. Model of water-containing dispersed systems

The peculiarity of the bound water film is not so much in its small geometric dimensions, but in the fact 
that it has a positive charge that appears both at the boundary with granules and at the boundary with 
ice. Another feature is the displacement of foreign atoms towards the ice. Thus, an excess of negative 
charges is located on the intergranular ice layer. These negative charges are associated with orientation 
defects and OH-ions. From what has been said it should be assumed that there is an increased concen-
tration of negative carriers in pure ice. 
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Abstract. This study examines the effect of the unipolar corona discharge on the filtration characteristics 
of polypropylene nonwoven materials, paper filters, and a two-layer composite material based on them. 
It shows that the two-layer filter consisting of the Red Tape ashless filter and the spunbond nonwoven 
polypropylene fabric provides higher filtration efficiency than each of the materials separately. Electret 
treatment of the samples reduced the amount of polluting particles in the filtrate by ~80% for paper filters 
and by ~30% for the polypropylene nonwoven material compared to untreated samples. At the same time, 
the filtration time increased by an average of 1.3 times. Testing the filtration efficiency of two-layer materials 
in a capsule cartridge with a supernatant liquid for filtering synthetic detergents demonstrated high separation 
efficiency — the modification of the cartridge increased its efficiency by almost 4 times.

Keywords: filters, ashless paper filter, polypropylene nonwoven fabric, two-layer material, electret, corona 
discharge, separation capacity, filtering capacity

Introduction

Filtration is used in various industries not only to achieve the required technological parameters 
(process speed, temperature uniformity, pressure drops, equipment reliability, etc.), but also to ensure 
product quality, functionality, safety, and attractiveness to the consumer (Sparks, Chase 2015). Filtration 
systems are designed to remove mechanical impurities, dust, fibers, rust, microorganisms, and other 
contaminants that may enter the product during various production stages or originate from raw mate-
rials. In manufacturing processes, solid particles can damage pumps, valves, nozzles, and filling machines, 
leading to operational failures and increased maintenance costs.

Filtration is particularly critical in the production of synthetic detergents (SD) and perfumery liquids, 
where products must maintain perfect clarity or uniform coloration, free from haze, sediment, or sus-
pended particles (Divakar et al. 2022; Mousavi, Khodadoost 2019; Rodrigues et al. 2021). Undissolved 
particles (such as incompletely solubilized components, thickeners, dyes, or salt crystals) may sediment 
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in packaging, clog dosing mechanisms, or block dispensers in washing machines, dishwashers, etc. Un-
desirable particles can act as crystallization nuclei or emulsion/suspension destabilization points, leading 
to product phase separation over time. Certain perfume composition components (particularly natural 
extracts and resins) may exhibit poor solubility or precipitate due to temperature changes or aging. Filtra-
tion effectively removes these unstable fractions, ensuring consistent fragrance stability and visual ap-
pearance throughout the product’s shelf life. 

Electret filters are often used for more efficient filtration and have a number of advantages over con-
ventional ones. Electret filters are capable of trapping smaller particles though not only mechanical 
action but also the electric charge that holds the particles. Due to the electric field, electret filters can 
effectively trap particles of different sizes, which makes them more versatile (Li et al. 2024; Thakur et al. 
2013). Therefore, many works are devoted to the conversion of filter materials (in particular, non-woven 
polypropylene fibers or cellulose-paper materials) into an electret state (Galeeva et al. 2021; Galikhanov 
et al. 2025; Gilfanova et al. 2020; Pan et al. 2022; Pang et al. 2024; Zhang 2020).

Modern production increasingly uses combined filter materials, which are structures combining 
several different filter technologies or material types in one filter (Sparks, Chase 2015). Such filters have 
a higher overall efficiency compared to filters composed of a single material, as they are able to combine 
different technologies, such as mechanical filtration, adsorption, and electrostatic filtration. Therefore, 
research into combined electret filter materials is relevant and timely.

The objective of this study was to investigate the effects of electrophysical treatment on the filtration 
characteristics of polypropylene nonwoven fabrics, paper filters, and composite materials based on them. 

Materials and methods

The study utilized polypropylene nonwoven fabrics produced by the spunbond method with a basis 
weight of 17 g/m² as test samples (Technical Specifications 8390-002-71242729-2005, Polymatiz JSC) 
and Red Ribbon ash-free filters with a density of 84 g/m2 (Technical Specifications 2642-001-45235143-
2011, Bashkhimservis RPF LLC). A 70 vol.% aqueous ethanol solution (GOST 3639-79 standard) was 
used as a test filtration liquid. To evaluate filtration efficiency, a defined quantity of cellulose fibers was 
intentionally introduced into the solution, thereby simulating contaminated fluid conditions.

The filtration and separation efficiency of filter materials was determined in accordance with GOST 
7584-89. The filtration capacity (measured as the time required to filter a specified volume of aqueous 
ethanol solution) was evaluated using a Büchner funnel. Evaluation of separation capacity involves 
calculating the percentage of particles or components retained and the total flux through the material.

The electrophysical impact on the filters on paper and polypropylene bases was carried out using 
a unipolar corona discharge. For this purpose, the samples were preliminarily kept in a heating cabinet 
at 105 °C for 10 min. After that, some of the samples on the lavsan film were placed in a corona cell 
consisting of a lower flat electrode and an upper electrode in the form of 196 pointed needles, evenly 
distributed over an area of 49 cm2 in the form of a square (Fig. 1). The distance between sample 2 and 
electrode 1 was 20 mm. The samples were cooled in a corona discharge field at a polarization voltage 
of U = 30 kV for 30 s.

The electret characteristics of the samples (surface potential, electrostatic field strength, and surface 
charge density) were measured daily using an IPEP-1 instrument.

An EASYDROP device was used to measure 
the contact angle of the samples with water. 
A liquid drop was applied to the sample, which 
was placed on a lifting table, illuminated on one 
side, with a video camera on the other recording 
the image of the drop, which was transmitted 
to the computer. The DSA1 software allowed 
calculating the contact angle.

The electrokinetic potential of the fibers in an aque-
ous solution (ζ-potential of solid particles) was 
analyzed using a Mutek SZP-06 fiber surface charge 
analyzer. The filter paper was dissolved (dispersed) 
before the analysis using a laboratory disintegrator 
for 10 min at 1500 rpm. The concentration of paper 
fibers in the water suspension was 1.5%.

Fig. 1. Corona treater schematic: 1 — corona electrode; 
2 — polarizable dielectric on the lavsan film;  

3 — bottom electrode; 4 — ground connection;  
U — high-voltage power supply
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Results and discussion

Paper filters remain unmatched in several key characteristics, including cost, filtration speed, etc. 
However, the filtrate quality from paper filter systems sometimes fails to meet manufacturers’ expecta-
tions, as paper fibers detachw and contaminate the product. An additional polymer layer may be used 
to prevent these disadvantages.

Therefore, we needed to test the filtration and separation efficiency of the Red Ribbon (RR) ash-free 
paper filter and the polypropylene nonwoven fabric with a density of 17 g/m² (S17) individually, as well 
as a two-layer material combining both paper and polymer layers (RR + S17). The effectiveness of the dual 
‘paper filter — polypropylene fabric’ material in ensuring filtrate purity during evaluation of the filter 
materials’ separation capacity and filtration rate is shown in Fig. 2.

It can be seen that the two-layer filtering material, consisting of the ash-free Red Ribbon filter and 
the spunbond polypropylene nonwoven fabric, demonstrates a certain synergistic effect. The latter stems 
from the fact that the combined use of two materials with different properties provides significantly 
higher filtration efficiency than each material individually. The ash-free Red Ribbon filter possesses a high 
sorption capacity, while the polypropylene nonwoven material exhibits excellent mechanical properties 
and structural stability. Their combination increases the amount of retained fine-dispersed particles, 
leading to a rise in the overall filter efficiency and its improved operational characteristics.

Therefore, the next stage of our experimental research sought to study the polarizability of the Red 
Ribbon paper filter and the spunbond polypropylene nonwoven fabric under the action of a unipolar 
corona discharge (ERR and ES17, respectively). First, we determined how well these materials could 
accept and retain a charge. Filter paper poorly forms electrets since it is a sufficiently porous material 
with a through-pore system that allows charge carriers to reach the bottom electrode during electret 
formation, bypassing the cellulose fibers of the paper. Even the use of a lavsan substrate to enhance 
the electret formation capability of paper filters did not significantly improve the electret properties 
of the filter material. The initial values (after 1 hour of corona discharge treatment) of the electret proper
ties of the Red Ribbon paper filter were: Vₑ = 0.01 kV, E = 0.9 kV/m, σₑf= 0.01 μC/m², which dropped 
to zero after 5 days of storage.

Polymeric nonwoven filtering materials also have rather low electret properties, which are still suf-
ficient for practical use. The initial values of the electret properties of the spunbond polypropylene 
nonwoven fabric were: Vₑ = 0.03 kV, E = 2.3 kV/m, σₑf = 0.03 μC/m², reaching the following values 
by 30 days of storage: Vₑ = 0.02 kV, E = 0.5 kV/m, σₑff = 0.01 μC/m². Note that a lavsan substrate was also 
used for their electret formation (Fig. 1).

Under a unipolar corona discharge, charge carriers are injected into the bulk of the paper material, 
concentrating on the structural elements’ surface (fibers, fillers, etc.). The formation of a heterocharge 
due to the orientation of cellulose polar groups, macromolecule segments during electret treatment, and 
the injection of charge carriers inside the fiber leads to the fiber surface acquiring a charge. At the bounda
ries of their contact with each other and other components of the paper sheet, the electric double layer 
is significantly enhanced, making the paper strengthened.

a) b)

Fig. 2. Separation efficiency (a) and filtration rate (b) of the paper filter, polypropylene nonwoven fabric,  
and two-layer composite material based on them
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This should be accompanied by an increase in the ζ-potential of fibers of ash-free filters during elec-
tret treatment (Brouwer 1991). Comparing results for original and electret-treated ash-free filters,  
we found that the ζ-potential value of ERR fibers (–23.7 mV) is greater than for RR fibers (–20.5 mV)  
by ~15%, which confirms the assumption made.

The charge decay in filter materials is quite predictable. It is known that polarization of polymer  
dielectrics in a corona discharge proceeds through the injection of charge carriers into their volume and 
their fixation by various surface and bulk traps. The charge decay is the diffusion result of charge carriers 
from bulk traps to near-surface ones and further — their release. The release rate is largely determined 
by the value of the specific bulk electrical conductivity of the material, which in polar materials like 
cellulose is an order of magnitude higher than in nonpolar ones (Galikhanov, Budarina 2002).

The effectiveness of polymer and paper electret filter materials in ensuring filtrate purity was also 
studied when determining the separation capacity and filtration rate of the filtering materials (Fig. 3). 

Electret treatment of the samples led to a reduction in the number of contaminating particles in the fil-
trate by ~80% for ash-free paper filters and by ~30% for the polypropylene nonwoven fabric compared 
to the original samples. The deposition of particles on filter paper charged samples occurs due to the at-
traction of neutral inclusion particles by electrostatic forces of charged paper fibers. At the same time, 
the ability of the filter material’s electric field to extend to relatively large distances from its surface enables 
a rise in its operating efficiency. The filtration time after imparting an electret state to the samples in-
creases by 1.3 times on average.

The separation and filtration capacities of cellulose-paper filter materials are closely dependent on their 
sorption properties. Therefore, to explain the observed patterns, the nature of the interaction between 
liquids and filter materials was studied. One of the most informative methods for studying the interac-
tion between solids and liquids is the method of determining the contact angle of wetting (Fig. 4).

a) b)

Fig. 3. Separation efficiency (a) and filtration rate (b) of the electret-treated paper filter,  
the polypropylene nonwoven fabric, and the two-layer composite material based on them

Fig. 4. Determination of the contact angle for untreated samples (a, b, c)  
and electret-treated samples (d, e, f ) of the Red Ribbon material
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According to the obtained data, the contact angle 
of the wetting of samples with water declined from 
34.3° to 31.2° upon electret treatment of cellulose-
paper filters. This can be explained by the occurrence 
of physicochemical and mechanical processes in the pa-
per structure under the action of a continuous corona 
discharge — the increase in the number of active groups 
on the paper surface after corona treatment facilitates 
the formation of hydrogen bonds with polar water 
molecules, which leads to its accelerated spreading. 
Also, treatment of paper in a corona discharge leads 
to an increase in the surface roughness of fibers.

The next stage of the work was to test the filtration 
capacity of bilayer materials in practice. In the SNC 
cartridge (supernatant capsule cassette) — for example, 
Pall Supor or similar filters — the filter layers are ar-
ranged sequentially, which provides multilevel and 
effective liquid purification. 

Fig. 5 shows a schematic representation of the up-
graded SNC-type filter. Outer casing 1, made of chemi
cally resistant plastic (polypropylene), protects the in-
ternal components and filtering layers. The first layer 2 
is a pre-filter produced by the meltblown method,  
0.3 mm thick, designed to capture large particles, fibers, 
and sediments to prevent premature clogging of sub-
sequent layers. Next are the main filtering layers 3 
and 4, made of polypropylene by the meltblown me
thod, which have a thickness of 0.4 mm and a pore size  
of 0.5 microns. There are also known cases where 
the main layers are made of polysulfone, polyethersul-
fone, and nitrocellulose.

As the subsequent layer, we propose to place an electret-treated ash-free Red Ribbon filter 5. The sup-
porting layer 6, located beneath the main one and responsible for the integrity and stability of the struc-
ture, preventing its deformation under high pressure, is proposed to be made of electret nonwoven 
polypropylene fabric. At the very center is tube 7, collecting the purified liquid and directing it further 
through the system. This sequence of layers provides multistage filtration and extended filter service life.

 When this SNC filter was tested for the filtration of synthetic detergents, high separation efficiency 
was demonstrated. The modification allowed it to be increased by almost 4 times. 

Conclusion

We studied the influence of the electrophysical impact — treatment in a unipolar corona discharge — 
on the filtering characteristics of polypropylene nonwoven fabrics, paper filters, and a two-layer mate-
rial based on them. By the values of filtering and separating ability, it is shown that the two-layer filtering 
material, consisting of the ash-free Red Ribbon filter and the spunbond nonwoven polypropylene 
fabric, demonstrates a synergistic effect, which relates to the fact that the combined use of two materials 
with different properties provides a significantly higher filtration efficiency than each of the materials 
separately.

Filter paper is poorly electretized in a corona discharge — after 5 days of storage, the values of the elec-
tret characteristics dropped to zero. Electretization of ash-free filters under a unipolar corona discharge 
is accompanied by an increase in the ζ-potential of the fibers by ~15%. Polymer nonwoven filter materials 
also have low electret properties, which are still sufficient for practical application.

Electret treatment of the samples led to a reduction in the number of contaminating particles in the fil-
trate by ~80% for ash-free paper filters and by ~30% for the polypropylene nonwoven fabric compared 
to the original samples. At the same time, the filtration time after imparting an electret state to the sam-
ples increased by 1.3 times on average.

Fig. 5. Schematic diagram of the upgraded SNC-
type filter: 1 — оuter mesh casing; 2 — pre-filter; 3, 
4 — main filter layers; 5 — electret-treated ash-free 
paper filter; 6 — electret-treated support layer made 

of polypropylene nonwoven fabric; 7 — central 
perforated tube
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By testing the filtering capacity of bilayer materials within the supernatant capsule cartridge assembly 
for filtration of synthetic detergents, we showed high separation capability of the cartridge, with the modi
fication allowing to increase it by almost 4 times.
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Abstract. This study investigates the influence of the epoxyurethane oligomer PEF-3A as a modifier 
on the crosslinking degree, physicomechanical properties, and electret characteristics of epoxy-based 
materials synthesized under simultaneous curing and polarization in a constant electric field. Unpolarized 
samples and chemoelectrets with varying PEF-3A content (2.5–10.0 wt. %) were prepared using the DER-331 
epoxy oligomer and the polyaminoamide hardener L-20. Results reveal that increasing PEF-3A content 
decreases crosslink density, tensile strength, and Shore D hardness due to steric hindrance and reduced 
network frequency. Electret properties such as surface potential and charge density display modest dependence 
on modifier concentration and stabilize during storage. Simultaneous curing and polarization enhance 
molecular dipole orientation, improving strength in chemoelectrets relative to unpolarized analogs. 

Keywords: epoxy oligomer, polyaminoamide, epoxyurethane modifier, gel fraction, crosslinking degree, 
polarization, chemoelectret, tensile strength, Shore D hardness

Introduction

Epoxy polymer materials are thermosetting polymers that form a three-dimensional mesh as a result 
of the reaction of epoxy resins with hardeners. Epoxy oligomers are widely used to produce industrial 
materials, serving as a base for compounds, adhesives, varnishes, and binders for laminated plastics due 
to their high strength and chemical resistance (Petrie 2006). Since various products experience different 
loads (in magnitude and direction), they are subject to different requirements in terms of their proper-
ties — in particular, rigidity or flexibility and hardness. Therefore, epoxy materials with different proper-
ties are needed. The properties of epoxy polymer materials depend both on the structure and charac-
teristics of the hardeners and oligomers, and on polymerization conditions (Dallaev et al. 2023; Petrie 
2006). 
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The structure of epoxy oligomers, their molecular weight, and the presence of functional groups affect 
the crosslinking density, degree of conversion, and morphology of the polymer network (Liubimova et al. 
2024). For example, the use of the diglycidyl ether of bisphenol A and its modifications makes high 
strength and flexibility possible. Modifying additives, such as thermoplastic oligosulfones with different 
molecular weights and terminal reaction groups, contribute to an increase in glass transition temperature 
and heat resistance due to the formation of a denser and more stable structure with additional hydrogen 
bonds (Kochergin et al. 2018).

The nature of the hardener determines the curing rate and the degree of conversion of the epoxy 
groups. Amine hardeners, such as 4,4’-methylene bis-(3-chloro-2,6-diethylaniline), are widely used 
to obtain compositions with the desired mechanical and chemical properties. The polymerization rate 
and curing conditions — temperature and holding time — significantly affect the morphology of the ma-
terial and its final properties: at high curing temperatures, impact strength can decline, and under op-
timal conditions, high strength and elasticity are achieved (Incerti et al. 2018; Kochergin et al. 2018; 
Lubimova et al. 2024).

Chemical modification of epoxy resins with the addition of various oligomers and copolymers makes 
it possible to control the frequency of crosslinking, flexibility of chains, and adhesion, expanding the scope 
of the material. The modification improves chemical, crack, and heat resistance, as well as reducing 
internal stresses caused by polymerization (Stroganov et al. 2018; Zagora et al. 2021).

Modern research also considers the use of biobasing epoxy resins with controlled rigidity of structural 
units to create more environmentally friendly materials with programmable properties. This area is ac-
tively developing due to sustainable development and environmental safety requirements (Zhou et al. 2023).

Thus, it is possible to identify the key factors influencing the properties of epoxy polymer materials:
— molecular weight and structure of epoxy oligomers, presence of functional groups;
— chemical composition and type of the hardener;
— polymerization conditions: temperature, time, and curing rate;
— the use of modifying additives to improve mechanical and thermal characteristics.
The ability of electret materials to create an electric field in the surrounding space serves as a means 

of increasing the life of many parts and assemblies of modern technology, providing an anti-fungal and 
anti-corrosion effect. Several methods are used to lend electret properties to polymers. These are the treat-
ment of polymer films in a permanent corona discharge, thermal electretation, friction, irradiation, etc. 
When chemical reactions occur in polymers during electretation, it is a case of chemopolarization. 
Conducted in an electric field, the curing process produces unique structural features and a set of mate-
rial properties, which are associated with the creation of a three-dimensional polymer matrix network 
under physical modification (Balakina et al. 2007; Burganov et al. 2017; Galikhanov et al. 2019; 2024; 
Haque, Park 2022; Nazmieva et al. 2015; Studentsov et al. 2014; Vakhonina et al. 2011). Electrets based 
on an epoxy oligomer, an epoxyurethane modifier, and a polyaminoamide have good and stable proper-
ties sufficient for their practical use.

The purpose of this paper is to prepare unpolarized samples and chemoelectrets with the same com-
position under identical conditions and to investigate how varying the content of the PEF-3A modifier 
affects the crosslinking degree, physicomechanical properties (including tensile strength and Shore 
hardness), and electret characteristics of the resulting epoxy-modified materials, such as surface poten-
tial Vs, effective surface charge density seff, and electric field intensity E. 

Materials and methods

The epoxy oligomer DER-331 (The Dow Chemical Company), the epoxyurethane oligomer PEF-3A, 
and the polyaminoamide-based hardener L-20 were chosen as study materials (Galikhanov et al. 2024).

For the experiments, both unpolarized samples and chemoelectrets were prepared by curing a mix-
ture of the original epoxy (DER-331) with varying amounts of the epoxyurethane oligomer PEF-3A 
(ranging from 2.5 to 10.0 wt. %) and the polyamide hardener L-20, mixed in a stoichiometric ratio rela-
tive to the main oligomer and modifier. This polymer synthesis was combined with a polarization step 
conducted at 120 °C under a constant electric field, followed by cooling for 30 minutes while maintain-
ing the polarization. The gel fraction content for the prepared polarized and unpolarized ground samples 
was determined by the extraction with a boiling acetone for 24 hours in a Soxhlet apparatus.

Temperature transitions were recorded using the differential scanning calorimeter DSC Q200TA 
instruments by heating the sample in the calorimeter up to 300°C at the rate of 2 degrees per minute.
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The surface potential Vs, effective surface charge density σeff, and electric field intensity of the electret E 
were performed by the method of periodic shielding of a reception electrode with an IPEP-1 device. 
The tensile strength (modulus of rupture) σt was determined for the hardened samples on a Test P108 
tensile testing machine in accordance with GOST 11262-2017. The Shore D hardness (HD) of the cured 
samples was measured using a Shore D durometer (HGIB) according to the GOST 24621-2015 standard, 
with a testing speed of 100 mm/min. 

Each measurement was repeated at least five times. The error in determining the strength and electret 
properties of the samples was within 5%.

Results and discussion

It is known that the characteristics of cross-linked polymers are substantially dependent on the tem-
perature of the curing reaction. By varying the curing temperature, a change in the properties of cross-
linked polymers is associated with different topologies of the resulting three-dimensional polymer 
structure. Lower curing temperatures contribute to the formation of a heterogeneous (defective) struc-
ture of the polymer matrix; with an increase in the reaction temperature, a polymer matrix with a more 
uniform structure is formed and the strength characteristics for such samples are ameliorated (Ga-
likhanov et al. 2019; 2024). Synthesis of the polymer simultaneously with the polarization process 
in a constant electric field with a temperature increase up to 120 °C leads to a rise in the spatial grid 
frequency of the three-dimensional polymer matrix. Previous studies have shown that the maximum 
values of the electret and physicomechanical characteristics correspond to the stoichiometric content 
of the hardener in the composition. With a deficiency and excess of the hardener, the values of electret 
and physicomechanical characteristics decrease (Burganov et al. 2017; Galikhanov et al. 2024). Conse-
quently, all further studies were carried out with a stoichiometric content of the hardener in relation 
to the main oligomer and modifier.

Fig. 1 shows a DSC curve for the unpolarized sample based on the DER-331 oligomer after curing 
with the stoichiometric amount of L-20 at the temperature of 120 °C for 2 hours. As it is known, when 
the curing process is carried out at high temperatures, this leads to the formation of a polymer matrix 
that is more homogeneous in structure. The glass transition temperature of the resulting spatial polymer 
network, meanwhile, has higher values (Tc ≈ 88 °C) compared to the glass transition temperature 
of systems (obtained at room temperature), for which the curing reaction does not proceed complete-
ly. This is hindered by the transition of the cured polymer to the glassy state (Petrie 2006). As the tem-
perature rises above Tc, there is practically no exothermic peak on the DSC curve, which characterizes 
the process of additional curing of the epoxy system as the topological structure of a three-dimension-
al polymer matrix for this system is determined by a sufficiently high conversion rate (the value of the gel 
fraction is about 99%). The gel fraction value is 98.07% for the studied unpolarized epoxy compositions 
and 98.73% for the chemoelectrets based on them.

Fig. 1. DSC curve for a sample based on the DER-331 oligomer after curing  
with the stoichiometric content of L-20 at the temperature of 120 °C for 2 hours
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When PEF-3A, an epoxyurethane, is used as a modifying agent, it introduces additional polar urethane 
groups into the polymer’s three-dimensional network compared to the original DER-331 oligomer. 
In DER-331, positive charges are mainly carried by hydrogen atoms, while oxygen atoms primarily bear 
negative charges. Increasing the amount of the modifier in the mixture leads to a decrease in the den-
sity of the polymer’s network due to the integration of the epoxyurethane oligomer, which also reduces 
the overall functionality of the system.

The slight changes observed in the electret properties of chemoelectrets with increasing PEF-3A 
content result from two competing factors: the decreased mobility of polar groups caused by strong 
physical intermolecular forces within the polymer’s network, and the greater number of functional groups 
capable of participating in polarization through dipole-segment interactions. As the PEF-3A concentra-
tion rises, the availability of functional groups for polarization increases despite the diminishing mobili
ty of polar groups.

In contrast to the electret characteristics, the change in the content of the PEF-3A modifier in the com-
position has a significant effect on the physicomechanical characteristics of the obtained unpolarized 
samples and chemoelectrets of a similar composition (Fig. 2).

Fig. 2. Dependencies (a) of the strength at break and (b) the Shore D hardness for unpolarized samples (1)  
and chemoelectrets (2) based on the DER-331 oligomer on the content of the PEF-3A modifier

The dependences of the breaking stress at rupture σt of unpolarized samples (curve 1) on the content 
of the PEF-3A modifier shown in Fig. 2(а) demonstrated that an increase in the modifier content 
of the composition coincided with a decrease in σt compared to the unmodified sample (σt=55.3 МPа). 
The values of breaking stress at rupture σt with an increasing content in the PEF-3A modifier in the com-
position were: σt = 45.8 MPa for 2.5 wt. %, σt =39.5 MPa for 7.5 wt. %, and 31.15 MPa for 10 wt. %.

For chemoelectrets based on the DER-331 oligomer (Fig. 2(а), curve 2), the introduction of the PEF-3A 
modifier also results in a decrease in the rupture stress at break associated with a decrease in the spatial 
grid frequency. Minimal values of the rupture stress at break for the modifier PEF-3A in the composition 
correspond to the modifier content of 2.5–7.5 wt. %. The rupture stress at break is 43.8 MPa at the PEF-3A 
content of 2.5 wt. % and 40.1 MPa at 7.5 wt. %. The extreme character of dependencies is explained 
by the predominance of steric factors preventing the mobility of polar groups due to a strong intermo-
lecular interaction dominating over a simultaneously increasing number of functional groups capable 
of polarization.

The Shore D hardness values shown in Fig. 2(b) reflect the influence of the PEF-3A modifier content 
on both unpolarized samples (curve 1) and chemoelectrets (curve 2) based on the DER-331 oligomer 
cured with a stoichiometric amount of L-20. These samples were prepared by simultaneous curing and 
polarization at 120 °C under a 5 kV voltage applied to the electrodes. The data indicate a decline in physi
comechanical properties (Shore D hardness) corresponding to a reduced frequency of the spatial network 
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in the resulting three-dimensional structure. For unpolarized samples, Shore D hardness does not increase 
with more modifier present (76 arbitrary units for the unmodified sample compared to 75.35 units at 10 wt% 
modifier). Thus, even though the number of physical crosslinking points in the system grows — due 
to an increase in polar groups with a higher PEF-3A content in unpolarized samples and the additional 
alignment of polar groups during polarization in chemoelectrets — this does not result in an increase 
in Shore D hardness. For the chemoelectrets, Shore D hardness decreases from 83 conventional units 
in the unmodified state to 76.1 units when the modifier content reaches 10 wt% (Fig. 2(b), curve 2).

Polarizing the polymer network structures enhances their strength compared to unpolarized systems 
of similar composition, which is attributed to the orientation of polar groups encouraging the formation 
of a denser network of physical bonds.

When the PEF-3A modifier is incorporated into a three-dimensional polymer matrix, tightly cross-
linked regions formed by the DER-331 oligomer alternate with more loosely crosslinked areas created 
by PEF-3A molecules. This is due both to the higher molecular weight of the modifier and to a reduced 
reactivity of the secondary amino groups formed, resulting in lower functionality of the polymer net-
work units compared to unmodified epoxy materials, mainly due to strong hydrogen bonding effects 
(see Fig. 3).

Fig. 3. Schematic representation of the unit for samples based on the epoxy oligomer DER-331  
when the PEF-3A modifier is embedded in the polymer matrix, hardener L-20

The investigation into how the PEF-3A modifier content affects chemoelectrets showed that increasing 
the modifier from 2.5 to 5.0 wt.% leads to a rise in the surface potential only during the early storage pe-
riod of up to 10 days. On the 10th day, the surface potential values were 0.7 kV for the chemoelectret with 
2.5 wt.% PEF-3A and 0.16 kV for the one with 5.0 wt.% PEF-3A. Increasing the modifier beyond 5 wt.% 
does not significantly improve the electret properties; for example, the surface potentials on the 10th day 
were 0.08 kV for the sample with 7.5 wt.% and 0.10 kV for the sample with 10 wt.% PEF-3A.

After more than 20 days of storage, the surface potential values of all samples tend to converge and 
show little dependence on the amount of the PEF-3A modifier in the composition. Vs for 60 days of storage 
was: 0.02 kV (for chemoelectrets containing 2.5 and 10 wt. %) and 0.04 kV (for chemoelectrets containing 
5 and 7.5 wt. % PEF-3A). Similar results were obtained for other electret characteristics (σeff and E). 

Conclusion

The electret state of the polymer matrix, developed under simultaneous curing and polarization, 
is stabilized by a three-dimensional network of chemical bonds, allowing the macromolecules to retain 
a free state. During this process, molecular dipoles align with the polarizing field, and the polymer’s 
spatial structure becomes fixed by the chemical bond network. As a result, the charge carriers within 
the chemoelectret are held firmly in the network structure formed by curing. The structural characteris
tics and proportions of the system’s initial components strongly influence the physicomechanical proper
ties of the final polymer materials. Converting cross-linked polymer structures, including those modified, 
into a polarized state leads to improved strength properties compared to unpolarized samples of similar 
composition.
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Abstract. This study investigates the effect produced by microspherical glass additives on ultraviolet-induced 
degradation of polymethyl methacrylate films using electrochemical impedance spectroscopy. Ultraviolet 
exposure accelerates film degradation, which is enhanced by microspherical glass through light concentration 
and catalytic activity, promoting photoionization and free radical formation. Electrochemical impedance 
spectroscopy shows reduced impedance and curve flattening in films with microspherical glass after prolonged 
ultraviolet exposure, indicating faster coating failure than in pure polymethyl methacrylate. These findings 
support microspherical glass as a safe degradation promoter, aiding sustainable plastic design.

Keywords: ultraviolet degradable plastics, biopolymers, microspherical glass, degradation promoters, 
electrochemical impedance spectroscopy

Introduction

The problem of plastic waste disposal is one of the most acute problems facing humanity  
in the 21st century. At the root of this problem is the synthetic plastic, whose natural decomposition 
requires from one hundred to three hundred years (Szaky 2017). Throughout the decomposition process, 
plastic makes its way from a unit, such as a plastic bottle, to the simplest inorganic molecules, which 
are water and carbon dioxide. In order to accelerate this process, so-called ‘biodegradable plastics’, 
or ‘bioplastics’ (Bastioli 2005) are used, which are understood as plastics that can undergo fast decom-
position in the natural environment, resulting in harmless components (Ashpina 2014).

UV degradation belongs to one of the four most effective methods of plastics decomposition along 
with thermal, biological, and mechanical factors. Photooxidation of plastic debris by solar radiation 
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makes the material prone to subsequent fragmentation. Fragments formed by oxidation can be either 
other contaminants or non-hazardous products suitable to mechanically-assisted degradation to elemen-
tal molecular constituents (Rudin, Choi 2013).

The ideology of the perfect plastic container supposes resistivity to environmental factors on the one 
hand and the ability to be environmentally decomposable on the other, which, at first glance, seems 
contradictive. However, requirements can be defined for an ideal plastic material conforming to both  
of these strategies: a material that is resistant or not exposed to UV light for the duration of its service 
life yet able to undergo accelerated biodegradation immediately after it. Such biodegradation can  
be triggered by the ‘smart’ behavior of the material: the response of the nano-additive to external influ-
ences that activates a biodegradation mechanism. Alternatively, it can be considered a material with 
a built-in bio-clock that is silent for a desired period of time, subsequent to accelerated bio-decomposi-
tion after bio-clock activation.

Spherical micro- and nano-additives and their effect on polymer materials

While nano-additives, such as titanium dioxide particles, can enhance biodegradability, their use  
in food packaging has been shown to pose potential health risks and should be avoided (Bettini et al. 
2017; Peters et al. 2016). Consequently, micro-additives with inert properties, safe for food contact and 
human ingestion, are preferred. Microspherical glass (MSG) additives are a notable example of such 
materials.

Microspherical glass (MSG) is a versatile material with numerous practical applications due to its 
unique properties. It serves as a filler in plastics, rubbers, and adhesives, an additive in lightweight con-
cretes (Chen at al. 2025), microwave absorbers (Yu et al.2024), and metal reinforcement (Ganesan et al. 
2025) to mention just a few.

The light-concentrating properties of glass microspheres are well-documented, particularly in their 
application as light-blocking and light-scattering modifiers to improve solar cell efficiency (Lee et al. 
2015; Sasanpour, Muhammadpour 2014; Tian at al. 2013). MSG enhances LED performance (Zhou  
et al. 2024) and functions as microspherical lenses (Ling et al. 2023).

Available in various sizes, MSG additives exhibit high crush strength and excellent processability 
when incorporated into polymers, withstanding most compounding and forming processes. They are 
compatible with common plastics, including polypropylene, nylon, and polyethylene, and are characteri
zed by water insolubility, high chemical inertness, and non-toxicity.

The rationale for using MSG as a promoter of UV degradation lies in its lens-like ability to concentrate 
optical radiation and catalytical activity of side groups present at the MSG surface. This high optical 
energy density accelerates the breakdown of plastic molecules through photoionization, which generates 
defects and free radicals that disrupt σ bonds. MSG can act as a catalyst and chemical reaction pro-
moter due to its carbonyl and hydroxyl groups (Maity, Polshettiwar 2015; Nechifor et al. 2020). Spectro-
scopic analysis reveals absorption at 3320 cm–1, likely due to adsorbed water on the microsphere (Shylesh, 
Singh 2006), and a peak at 960–810 cm–1 attributed to the Si-OH group (Launer, Arkles 2013). MSG also 
exhibits light-absorbing properties in the visible spectrum (Strawbridge, Hallett 1992) and is described 
as a visible-light photocatalyst (Lin et al. 2024).

This work investigated the effect of MSG on the UV degradability of polymers. Electrochemical im-
pedance spectroscopy (EIS) was chosen as a control method indicative of polymer coating properties 
(Iroh, Levine 2003).

Materials and methods

Samples of calibrated microspheres were provided by the Power Engineering Faculty of the Polytech-
nic University named after Peter the Great (Saint Petersburg, Russia). MSG was obtained by processing 
river sand in atmospheric plasma (Dresvin, Amouroux 2007) with subsequent sieving through cali-
brated sieves. For the experiment, a fraction of 100... 170 μm was chosen.

Polymethyl methacrylate (PMMA) with a molecular weight of 88000 was provided by lab. 3  
of the branch of the Kurchatov Institute — Institute of Macromolecular Compounds.

To obtain polymer PMMA films, PMMA was dissolved in acetone at a concentration of 0.1 w %. The so-
lution was cast and dried at stainless steel electrodes in quantity enough to obtain films of 100... 150 μm 
thickness. To obtain MSG-added polymer films, MSG was stir-added to a PMMA polymer solution  
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in the amount of 0.1 g/cm3, followed by casting and drying. As a result, electrodes were coated with films 
adhered to its surface (Fig. 1).

Stainless steel plates coated with films served to working electrodes as bottoms of cylindrical  
EIS cells.

A total of 10 samples were made, 5 of which were PMMA films without additives and 5 PMMA  
with MSG additives. The samples were kept at laboratory conditions between the experiments.

Fig. 1. Photographic image of the studied samples a) with MSG, b) without MSG

A 20 W UV light bulb with a peak intensity at 380 nm was used as a UV source. UV exposure was 
conducted at a distance of 10 cm from the bulb on samples submerged in distilled water, with a 1 mm 
water layer maintained above the film surface.

Following UV exposure, samples were transferred to a single-compartment electrochemical cell 
containing a 0.1 M Na₂SO₄ aqueous electrolyte solution. The cell configuration included sample-coated 
steel as the working electrode, a platinized grid as the counter electrode, and an Ag/Ag+ wire as the refe
rence electrode.

Electrochemical impedance spectroscopy (EIS) measurements were performed using a Gamry PC3 
potentiostat over a frequency range of 5000 Hz to 0.02 Hz. Each sample was measured after 5 minutes 
of contact with the electrolyte. UV exposure durations were 30 minutes, followed by additional intervals 
of 60 and 120 minutes. After each exposure step, the samples were transferred to the EIS cell for mea-
surement.

Results and discussion

EIS patterns for films with and without MSG are presented in Figs. 2 and 3. The sample without MSG 
exhibited a slight decrease in impedance, suggesting the onset of UV-induced degradation of the polymer 
film. Notably, during the initial stages of exposure, the impedance slightly increased. This behavior, 
observed in both PMMA and PMMA with MSG, was previously reported in polyimide films subjected 
to corrosion testing (Levine et al. 2012). A decreasing impedance, accompanied by the disappearance  
of EIS curvature, is a well-established indicator of degradation (Yang et al. 2002). The samples containing 
MSG displayed a similar pattern up to 90 minutes of exposure. However, at 210 minutes of UV exposure, 
the EIS curvatures showed significant flattening, indicating a pronounced coating failure due to MSG 
additives promoting accelerated degradation (Fig. 2).

To assess the role of MSG as a promoter of UV degradation, the imaginary (Im(Z)) and real (Re(Z)) 
components of impedance at 0.02 Hz were selected. This frequency was chosen as a balance between 
minimizing experiment duration and achieving quasi-steady-state conditions for the coating. Figs. 4 and 5 
present data averaged from five samples, showing the behavior of Im(Z) and Re(Z). The primary sources 
of error were the inhomogeneous distribution of MSG and variations in film thickness.

The Im(Z) parameter reflects the film capacitance (C), as described by the relation Im(Z) = 1/(ωC). 
As shown in Fig. 3, Im(Z) values for UV-treated samples with MSG significantly decrease compared  
to those without MSG, indicating an increase in capacitance. This increase, consistent with the behavior 
of a two-plate capacitor, suggests coating thickening due to decomposition.
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Fig. 2. Typical EIS pattern of a polymer film without MSG after different periods of UV exposure, min

Fig. 3. Typical EIS pattern of a polymer film with MSG after different periods of UV exposure, min

Fig. 4. Evolution of the imaginary part of the impedance (Im(Z))  
under different periods of UV exposure

,
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In contrast, Re(Z) data at the same frequency exhibit similar trends regardless of UV exposure. Ini-
tially, Re(Z) curves for all samples align, with differences emerging after 30 minutes of the exposure. 
These differences remain constant with the prolonged exposure. This behavior may reflect electrolyte 
saturation within the coating, primarily indicating interface properties rather than bulk characteristics, 
rendering Re(Z) less informative for studying the phenomenon.

Conclusions

The study concludes that MSG significantly influences the UV-degradable properties of polymer films, 
acting as a promoter of UV-induced degradation. These findings are practically significant for developing 
UV-degradable plastic packaging with accelerated solar-induced decomposition, offering a novel ‘green 
technology’ approach to combating plastic pollution.
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Abstract. This paper investigates the effect of the post-transition metal aluminum (Al) on the optical properties 
and band gap of thin V2O5 films. The transmission spectra of V2O5 thin films with varying Al concentrations 
were measured via spectrophotometry; the extinction coefficient spectra were calculated, and the optical 
band gap values were determined. Al doping was found to decrease the band gap of V2O5 films for both direct 
and indirect allowed interband transitions. The paper also provides an interpretation of the observed changes 
during alloying.

Keywords: vanadium pentoxide, thin film doping, optical band gap, band structure of V2O5, spectrophotometry

Introduction

Transition metal oxides represent one of the most interesting and promising classes of substances 
for practical applications. Due to their unfilled electronic d-shells, transition elements form complex 
phase systems with variable valence in compounds with oxygen, exhibiting a wide range of physico-
chemical properties. The introduction of a small fraction of a foreign substance into the host lattice can 
significantly alter its physical properties through changes in the crystal structure, the formation of new 
states in the band gap, or the generation of defects and/or vacancies (Bian et al 2014). Doping of transi-
tion metal oxides enables the precise regulation of their physical properties to enhance their practical 
utility (Abyazisani et al. 2015).

Among transition metal complexes, vanadium oxides represent a special class of materials due to va-
nadium’s strong affinity for oxygen, resulting in various oxidation states. These oxides have strongly 
correlated electrons, which significantly influence their optical, magnetic, and electrical properties. 
Vanadium oxides find practical application in the fabrication of electronic devices, as photographic 
materials, optically sensitive elements, catalysts, photochromic and electrochromic materials. It is worth 
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noting that photochromic metal oxide materials have an advantage over other materials due to their high 
resistance to corrosion and heat (Volkov 1987). 

Currently, many systems demonstrate photochromism, but only a few are sensitive to visible light. 
Visible light photochromism is potentially useful in designing compact storage devices and solar panels. 
In this context, vanadium oxides are of especial interest, since they are used in numerous optoelec-
tronic devices, such as ‘smart’ windows (Wu et al. 2013) and thermal sensors (Chain 1991).

Vanadium pentoxide (V2O5) is of the greatest interest for its potential optical applications. V2O5 has 
a band gap of 2.2 to 2.7 eV, an oxidation state of +5 for vanadium, and has high chemical and thermal 
stability. It is used as a catalyst in chemical batteries, ‘smart’ windows, optical detectors, and switches. 
The width of the V2O5 band gap can be modified using dopants. To date, studies have been conducted 
on the effects of doping V₂O₅ with Li (Liu et al. 2015), Ti (Wei et al. 2015), Ce (Etemadi et al. 2017), 
W (Panagopoulou et al. 2019), and others elements. Changes in the band gap and optical characteristics 
were observed upon the introduction of dopant impurity atoms into the material’s structure. Further-
more, it has been found that the optical properties of vanadium pentoxide thin films can be tuned through 
doping with transition metal and 4f-metal ions. The metal ion size and the unoccupied 3d and 4f orbitals 
of dopants significantly affect the band gap of the doped thin films due to the formation of impurity-
induced intermediate states near the Fermi level (Kondal and Kumar 2022). However, the effect of doping 
vanadium pentoxide with post-transition metals remains insufficiently studied, while significant differ-
ences in the filling of electronic shells and subshells in transition and post-transition metals could lead 
to substantial variations in the doping effect on the optical and electronic properties of V2O5.

Therefore, the aim of the present study is to determine the effect of the post-transition metal Al 
on the optical properties and band gap of V₂O₅ thin films.

Materials and methods

The samples were synthesized in the Laboratory of Physics of Phase Transitions in Solids (Ioffe 
Physical-Technical Institute). Nanocrystalline films with a thickness of 80 nm were synthesized  
on 40 μm-thick optical mica substrates. The undoped films were synthesized by cathode sputtering 
of the target, followed by oxidation of metal vapors in an oxygen stream near the mica substrate. Since 
V₂O₅ is the highest vanadium oxide, phase verification of the obtained films was deemed unnecessary. 
The alloyed thin films were synthesized by the simultaneous laser evaporation of vanadium and aluminum 
targets in an oxygen atmosphere at a substrate temperature ranging from 750 to 900 K. The doping 
level within the films was controlled by varying individual evaporation time for each target.

Optical transmission spectra were measured in the wavelength range of 200–1000 nm using an SF-2000 
spectrophotometer at the interdisciplinary resource center for shared use ‘Modern Physicochemical  
Methods of Formation and Research of Materials for Industry, Science, and Education’ (Herzen State 
Pedagogical University of Russia). Given that mica has a band gap energy significantly larger than the ener-
gies corresponding to the visible optical range under investigation, it can be confidently stated that the mea-
sured transmission spectra are characteristic of the vanadium pentoxide thin films. Visually, the samples 
are transparent films with a yellowish tint, which is consistent with an optical band gap of Eg ≈ 2 eV. 

Calculations were performed using computational methods based on density functional theory (DFT) 
with the generalized gradient approximation (GGA) (Perdew et al. 1992) and the Perdew–Burke–Ern-
zerhof (PBE) parameterization (Perdew et al. 1996), employing ultrasoft pseudopotentials (USPP) 
(Vanderbilt 1990) within the Quantum ESPRESSO package (The Quantum ESPRESSO Team… 2025). 
The calculations included spin-orbit coupling. The cut-off energy for the decomposition of wave func-
tions into plane waves was 640 eV. The Brillouin zone integration was carried out using a 4 × 3 ×2 k-point 
grid. To account for strong electron-electron correlations, the DFT+U approach (Cococcioni 2012) was 
employed with a Hubbard U parameter of 5.7 eV applied to the vanadium 3d states (Jovanović et al. 
2018). Dispersion interactions were included via the semi-empirical DFT-D2 correction (Grimme et al. 
2011). 

Results and Discussion 

The transmission spectra, representing the dependence of the transmission coefficient T on the wave-
length λ, were obtained using spectrophotometry. The spectrum for pure V₂O₅ is shown in Fig. 1.  
Since the film synthesis may result in a variation in deposition intensity across the substrate area, 
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the transmittance coefficient was measured at several locations for each sample. Consequently, a series 
of curves were obtained and subsequently averaged for analysis.

A number of mathematical calculations are required to determine optical parameters and analyze 
optical characteristics (Dresselhaus 2001). The complex permittivity ε(ω) is expressed as: 

ε(ω) = ε' – iε",	 (1)

where ω is the angular frequency (ω = 2πν), and ε' and ε'' denote the real and imaginary parts of the com-
plex dielectric permittivity ε, respectively.

ε' = n2 – k2,

ε"= 2nk, 	 (2)

where n and k are the real and imaginary parts of the refractive index of a material.
When measuring the absorption coefficient α(ω), the intensity of light (I(d)) after passing through 

a material of thickness d is compared with the intensity (I0) of the incident light, thereby determining 
the absorption coefficient (α):

I(d) = I0 exp[–α(ω)d],	 (3)

where					     ( ) 2 4k k
c
ω πα ω

λ
= = . 	 (4)

From this expression, it follows that the absorption coefficient α(ω) is proportional to ~ k(ω), that is, 
the imaginary part of the complex refractive index (the extinction coefficient); therefore, k is typically 
associated with the loss of electromagnetic wave power.

The absorption coefficient α(ω) and the photon energy were determined using formulas (5) (Schnei-
der 2020):

1 1 Rln
d T

α −
=

,

[ ] [ ]
1240

нмphotonE eV ω
λ

= = , 	 (5)

where d is the film thickness, and T and R are the experimentally measured transmission and reflection 
coefficients of the sample. 

Fig. 1. Dependences of the transmission coefficient T on the wavelength λ for undoped V₂O₅ thin films
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One of the most important parameters for evaluating semiconductor properties is the band gap (Eg ), 
which determines the fundamental light absorption edge. The band gap of semiconductors can be de-
termined using the following equation:

( ) ( )
1
n

gA Eωα ω= −  , 	 (6)

where A is a constant, and n takes values of 1/2, 2, 2/3, and 1/3 for direct allowed, direct forbidden, in-
direct allowed, and indirect forbidden transitions, respectively. Depending on the presence of defects, 
dopants, or other factors, the dominant type of electronic transition may vary; therefore, this study 
considers both direct (7) and indirect (8) interband transitions:

( ) ( )
1
2

gEω
α ω

ω

−





,	 (7)

( ) ( ) 2

g photonEω ω
α ω

ω

− ± 





.	 (8)

These last two equations, known as the Tauc equations, are used to determine the band gap (Eg )  
of semiconductors. Fig. 2 shows the mechanisms of direct and indirect interband electronic transitions 
in semiconductors (Schneider 2020). 

Fig. 2. Mechanisms of interband electronic transitions (Schneider 2020)

With a known transmission coefficient T, the absorption coefficient α can be obtained using for-
mula (9):

lnT
d

α = − .	 (9)

Using the coefficient α, the optical spectrum of the extinction coefficient k as a function of the wave-
length λ is calculated (Fig. 3). For this, we obtain from formula (4): 

4
k αλ

π
= . 	 (10)
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Fig. 3. Dependence of the extinction coefficient on the wavelength  
for V2O5, V2O5+Al (0.5%), V2O5+Al (0.8%) and V2O5+Al (3.2%)

The graph shows that dependencies for all the obtained curves are very similar. However, the ex-
tinction coefficient k decreases with an increasing percentage of aluminum. Thus, it has been found 
that the dopant Al influences the optical characteristics of the film by enhancing its transmission 
capacity. 

Knowing the wavelengths, we can proceed to the values for the frequency ω using formula (11):

c = λω,	 (11)

where c is the speed of light (с = 3 · 108 m/s).
From formulas (7) and (8) we obtain:

( )2
gEα ω ω= −  ,

( )
1
2

g photonEα ω ω ω= − ±   ,	  (12)

where the photon energy ħωphoton is usually neglected, since it is several times less than the electronic 
transition energy.

The dependencies shown in Figures 4 and 5 were constructed using formulas (12). Using the ex-
trapolation method, the optical band gap parameters for undoped and doped vanadium pentoxide 
samples were determined. 

To determine the dominant type of optical transition in vanadium pentoxide, calculations were per-
formed within the framework of density functional theory (Fig. 6.). The calculation result of Eg =2.43 eV, 
when compared with the experimentally obtained values, indicates that indirect electronic transitions 
dominate in the material.

From the graphs, it can be observed that as the impurity concentration increases, the optical band 
gap decreases from a value of Eg = 2.45 eV in pure vanadium pentoxide to Eg = 2.33 eV in the sample 
doped with 3.2% Al.

When V₂O₅ is doped with Al atoms, two factors influence the optical characteristics of the materials. 
The first factor is the difference in the ionic radii of vanadium and aluminum atoms. The ionic radius  
of the V5+ ion is approximately 68 pm, and that of Al³+ is 57 pm. Thus, the substitution of vanadium atoms 
by aluminum atoms induces compressive strain in the structure, leading to significant internal stresses 
in the crystal lattice and an increase in the average material density. However, this primarily affects 
the refractive index n.
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Fig. 4. Determination of the optical band gap for direct transitions  
in V₂O₅, V₂O₅+Al (0.5%), V₂O₅+Al (0.8%) and V₂O₅+Al (3.2%)

Fig. 5. Determination of the optical band gap for indirect transitions  
in V₂O₅, V₂O₅+Al (0.5%), V₂O₅+Al (0.8%) and V₂O₅+Al (3.2%)
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Fig. 6. Band structure of V₂O₅

The extinction coefficient k is influenced by the band gap width, the type of transition, and the presence 
of impurity energy levels. In the case of doping vanadium pentoxide with aluminum, V with a valence  
of 5 is replaced by Al with a valence of 3. This substitution effectively increases the hole concentration  
in V₂O₅. In this context, Al atoms act as an acceptor impurity, creating acceptor levels within the band 
gap, which facilitates interband transitions and reduces the band gap of the material.

Conclusion

This work investigated the optical properties of thin vanadium pentoxide films doped with Al. It was 
found that with increasing aluminum concentration, the extinction coefficient k decreases in the visible 
wavelength range, and the optical band gap decreases from Eg = 2.45 eV in undoped vanadium pentoxi
de to Eg = 2.33 eV in a sample doped with 3.2% Al for the case of an indirect allowed interband transition. 
The observed effect is attributed to an increase in the hole concentration in V₂O₅ when vanadium with 
a valence of 5 is replaced by aluminum with a valence of 3, which narrows the band gap due to the for-
mation of acceptor levels.
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Abstract. This paper considers the possibility of describing the chaotic state of dynamical systems using 
a distribution function. It is shown that for dissipative systems, a description employing a distribution 
function similar to that used in statistical physics is inadequate. This is explained by the fact that with long 
evolution times, the corresponding function ceases to be continuous. A definition for a smoothed distribution 
function, obtained through a specific averaging of the statistical distribution function, is proposed. The equation 
for the smoothed distribution function is derived. The results are applied to calculate the emission spectra 
of dynamical systems in a chaotic state. 

Keywords: nonlinear dynamics, chaos, distribution function, probability density, chaotic attractor, fluctuations 
of the distribution function, radiation spectra

Introduction

A characteristics feature of nonlinear equations is the existence of solutions that demonstrate chao
tic behavior. Such equations describe, for example, chaotic vibrations in mechanical problems (Gon-
chenko et al. 2017; Grinchenko et al. 2007; Kuznetsov 2006; Loskutov 2007; Malinetsky and Potapov 
2000; Sagdeev et al. 1988; Schuster 1984). Currently, studies in nonlinear optics, where solutions with 
chaotic states can also exist, are of significant interest (Gorbacheva and Ryzhov 2022; Ryzhov et al. 2019; 
2021a; 2021b; 2024). 

In nonlinear dynamics, so-called dissipative systems are of particular interest. These systems are 
characterized by the fact that the region of phase space in which the system’s state evolves contracts over 
time. Consequently, the system’s state tends toward a specific set of points, known as an attractor. Chao
tic states in such systems are described by a ‘strange’ or ‘chaotic’ attractor. Such attractors have a non-
trivial structure that depends on the system’s parameters, but not on the initial conditions. A visual 
representation of a chaotic attractor’s structure is provided by graphs of Poincare sections (see, for 
example, (Kuznetsov 2006)). A characteristic feature of chaotic attractors and their corresponding Poin-
care sections is their fractional dimension, the specific value of which depends on both the system under 
consideration and the parameters used in the calculation. 

The intricate pattern of Poincare sections for a system’s chaotic state in some ways resembles graphs 
of electron density distribution in atoms and molecules. This suggests that one might attempt to describe 
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the chaotic state of a dynamical system using the language of probability, employing concepts of proba
bility density or a distribution function. This idea was first expressed in the work of Zaslavskii (Sagdeev 
et al. 1988). An attempt to obtain an equation for the probability density of a specific rotator system 
in an external periodic field was made in (Liapzev 2019). For this purpose, a limiting transition from 
the corresponding quantum mechanical problem to a classical description was used. The resulting equa-
tion at t→∞ is a linear partial differential equation. It was shown that for some special cases, solving this 
equation yields a pattern similar to the fractal structure of the Poincare section for this system. 

The resulting distribution function describes a stationary state independent of time. However, in some 
cases, for instance when studying a system’s radiation spectra, a more complete description is required, 
necessitating knowledge of the distribution function’s time dependence. This situation is similar to the de-
scription of a gas in statistical physics using a distribution function. In the equilibrium state, the distri-
bution function is time-independent; however, for a more detailed description, it is necessary to account 
for the fluctuations of the distribution function, which are determined by its dependence on time (Lifshitz 
and Pitaevskii 1981). In this paper, we derive an equation for a smoothed distribution function that 
describes the equilibrium chaotic state of a dynamical system and whose time dependence allows for 
the description of fluctuations in the distribution function. The obtained results are illustrated by nu-
merical calculations of the radiation intensity for a number of systems.

The equation for the smoothed distribution function

The dynamics equation for a nonlinear system may be written as:

ṙ = f(r),	 (1)

where r and f are vectors in the n–dimensional phase space of the system, and the time derivative 
is on the left side of the equation. An autonomous system of equations is considered, that is, the func-
tion f does not explicitly depend on t. A chaotic state in such systems is possible at n > 2. We will con-
sider a dissipative system for which:

div(f) < 0.

In this case, for a certain set of parameters, the solution of the equation may be chaotic, and the at-
tractor of such a system is a chaotic attractor (a strange attractor by Lorentz’s definition).

In the paper by Liapzev (Liapzev 2019), it is shown for a special case that when system (1) describes 
the dynamics of a rotator in an external harmonic field, using the limit transition from the correspon
ding quantum mechanical problem, an equation for the probability density can be derived, which 
in the limit t takes the form:

f · grad(ρ(r)) = 0,	 (2)

where the dot represents the scalar product of the vectors.
In Kuznetsov’s textbook (Kuznetsov 2006), when considering the chaotic state of a system of the form (1), 

the equation for the distribution function is derived as:

ρ͘(r,t) + div(fρ(r,t)) = 0.	 (3)

As noted by the author, for conservative systems this equation is known as the Liouville equation. 
The derivation used by (Kuznetsov 2006) follows the standard approach found in textbooks on statisti-
cal physics (see, for example, (Kuni 1981)). According to this derivation, the distribution function at time t 
is related to the distribution function ρ(r0, 0)) = 0 at time t = 0 by the relation:

ρ(r,t) = ∫ δ(r – R(t,r0))ρ(r0,0)dv0.	 (4)

In this expression, r is a vector in phase space, R(t,r0) is the solution of equation (1) such that R(0,r0) = r0 
and integration is performed over the entire phase space.
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For conservative systems, assuming that there is a certain limit at t→∞, so that ͘ρ(r,t) = 0, equation (3) 
reduces to equation (2). However, for dissipative systems, which are not conservative, equation (3) takes 
the form:

ρ͘(r,t) + div(f)ρ(r,t) + f · grad(ρ(r,t)) = 0	  (5)

and for ͘ρ(r,t) = 0, it no longer reduces to equation (2).
To understand the discrepancy between equation (2) and equation (5) for ͘ρ(r,t) = 0, note that the theo

ry of first-order partial differential equations (Kamke 1967) offers methods by which an inhomogeneous 
equation (an equation containing not only derivatives of ρ, but also the function itself ) can be reduced 
to a homogeneous equation. This can be demonstrated most simply for the case div(f) = –γ, where γ is 
a positive constant. Note that this case is realized in many problems of nonlinear dynamics, particu-
larly, in the Lorentz system where the chaotic (strange) attractor was first identified. Namely, the equa-
tion for the function w(r,t) = ρ(r,t) exp(–γt) has the form:

w͘(r,t) + f · grad(w(r,t)) = 0.	 (6)

Now, assume we have found a solution to equation (5). If the vector function f has no singularities, 
we can expect the function w(r,t) to be bounded for all values of t. However, it follows that the maximum 
of the function ρ(r,t) = w(r,t) exp(γt) will increase infinitely with time. Yet, as follows from equation (4), 
the norm of the function ρ(r,t) remains constant; this means the region of phase space in which ρ(r,t) 
is non-zero continuously shrinks over time

This can be most clearly demonstrated by considering the simplest one-dimensional system described 
by the equation:

x͘ = –γx. 	 (7)

The solution of this equation has the form:

x(t) = x0exp(–γt).

In accordance with expression (4), the distribution function ρ(x,t) can be represented as an integral 
of the d-function:

ρ(x, t) = ∫ δ(x – x0e
–γt) ρ(x0,0)dx0, 	 (8)

where ρ(x0,0) is the distribution function at the initial time. The integral in the expression (8) is easily 
calculated, resulting in the expression:

ρ(x, t) = eγt ρ(eγt x,0).

Since the norm of the function is constant, the limit of the function ρ(x,t) when t→∞ is a δ-function:

( ) ( )lim ,
t

x t xρ d
→∞

= .

Thus, for the simplest one-dimensional dissipative system, as time tends to infinity, the distribution 
function tends to a δ-function. This corresponds to the fact that the attractor of the system described 
by equation (7) is a point in phase space. 

For a dissipative system with more than one variable, other types of attractors appear (see, for example, 
(Grinchenko et al. 2007)). In particular, for a two-dimensional system, in addition to a point attractor, 
an attractor in the form of a limit cycle appears, which also takes the form of a δ-function:

ρ(r,t) = δ(r – R(t)),	 (9)

where R(t) is the periodic solution of equation (1) to which any solution of equation (1) tends, regardless 
of the initial conditions. If we attempt to represent a distribution function of the form (9) in phase space, 
it will exactly repeat the line R(t).
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In systems described by three or more variables, another type of attractor appears — the chaotic or 
strange attractor. In essence, we can assume that in this case the expression for the distribution function 
of the form (9) is also valid, only the period becomes infinitely long. As with an attractor that is a limit 
cycle, a distribution function of the form (9) can be represented as a line in a multidimensional space 
(see, for example, the Lorentz attractor).

Thus, the definition of a distribution function of the form (4) for dissipative systems with t tending 
to infinity provides little new information compared to the solution of equation (1). Secondly, it is com-
pletely unsuitable for numerical calculations that involve a distribution function, since numerical calcu-
lations always result in ‘roughing’ of data due to finite spatial cell sizes. For numerical calculations, it is 
advisable to somewhat ‘smooth’ the distribution function to obtain a continuous distribution function 
rather than the δ-function obtained for large times.

The simplest method to smooth the distribution function is to average it over small volumes of phase 
space, each surrounding a certain point. Mathematically, this can be described as follows. Let us choose 
a sufficiently large time interval T and consider the solution of equation (1) over the interval [t, t+T]. 
Consider an n-dimensional cube with a small edge l, centered at the vector r. In accordance with the pre-
vious arguments, this cube is pierced by a large number of lines corresponding to δ-functions of the form 
(9). Let us denote the distribution function corresponding to this set of lines by ρ(r,t,t+T). We now define 
the smoothed distribution function as the average of the distribution function by the expression:

( ) ( ) ( ),
, lim ,

t T

n tT

C t T
t d dt t

l
ρ ρ

+

→∞
′ ′ ′ ′= ∫ ∫r v r ,	 (10)

where integration is performed over the volume of the n-dimensional cube with edge l, and C(t,T) nor-
malizes the smoothed distribution function. In fact, integration is performed along all lines correspond-
ing to the δ-functions ρ(r,t) = δ(r – R(t)) passing through a given n-dimensional cube.

Some qualitative consequences, as will be shown later, can be achieved by tending l to zero, while 
numerical calculations can be performed for finite small values of l.

We show that the equation for the smoothed distribution function has a form similar to equation (5), 
but without the term proportional to div(f):

 ρꜙ(r,t) + f · grad(ρ̄(r,t)) = 0.	 (11)

To demonstrate this, consider the simplest case of a three-dimensional phase space, in which a strange 
attractor may already appear.

Consider a point with coordinates r0 and denote the corresponding vector f0 = f(r0). Let us construct 
a cube with an edge of size l and select the axes of a local coordinate system (x',y',z'), with its origin 
at the point r0, as shown in Fig. 1.

Fig. 1. Diagram for the derivation of equation (11)
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Assuming the dimensions of the cube are small and the vector function f(r) is continuous, we expand 
it in a series in the vicinity of the cube:

f(r) = f0 + Ar,	 (12)

where the matrix is defined 
x x x y x z

y x y y y z

z x z y z z

a a a
a a a
a a a

′ ′ ′ ′ ′ ′

′ ′ ′ ′ ′ ′

′ ′ ′ ′ ′ ′

 
 

=  
 
 

A  and r is a vector with components x',y',z'. We will 

consider the edge of the cube to be so small that:

0la f  ,	 (13)

where a = max(|aij|). Thus, one can enter a small parameter:

ε = la/f0 ,

which tends to zero as the size of the selected cube tends to zero.
The lines corresponding to the δ-functions (4) run along the trajectories f(r), which, according 

to the decomposition (12) and inequality (13), are straight lines running at small angles of the order 
ε to the z' axis, and penetrate the cube. Examples of these lines are shown in Fig. 1, where the dots mark 
the intersections of the lines with the faces of the cube. The figure shows the case of a divergent bundle 
of lines, corresponding to positive values of the parameters of the matrix A. For simplicity, we will con-
sider this case further.

Let us now perform an averaging of the form (10) for the second term of equation (3), using the di-
vergence theorem:

∫ div(f(rʹ)ρ(rʹ,t,t + T ))dvʹ = ∫ f(rʹ)ρ(rʹ,t,t + T )ds,	 (14)

where the integration on the right side of the equality occurs over the surface of the cube. Integrals with 
δ-functions are calculated trivially.

In accordance with Fig. 1, we distinguish between the lower and upper bases of the cube and its side 
surfaces. We will show that the flux through the side surfaces is of a higher order with respect to the pa-
rameter ε. Limiting the calculation to terms of no higher than the first order in ε, the flux through 
the lower and upper bases can be represented as: 

Φ(0) = –CN(0)fzʹ (0),     Φ(l) = CN(l )fzʹ (l), 	 (15)

where N  is the number of lines passing through the lower and upper bases, fz' is the average value 
of the projection of the vector f onto the z' axis on the corresponding base, and C is a normalization 
constant. The total flux (the right side of the equation (14)) is the sum of the fluxes (15). Let us now in-
troduce the notation: ΔN = N(l) – N(0) and Δfz' = fz' (l) – fz'(0). Neglecting higher-order terms, the flux 
is given by the expression:

Φ = Cf0ΔN – CN(0)Δfzʹ .	 (16)

It is readily understood that the first term in expression (16) characterizes a change in the distribution 
function ρ and corresponds to the term proportional to grad(ρ(r,t)) in expression (5), while the second 
term in expression (16) characterizes the change in the vector f and corresponds to the term propor-
tional to div(f) in expression (5). We denote these accordingly as:

Φf = –CN(0)Δfzʹ ,     Φρ = Cf0ΔN.

Let us now show that for l→0, the ratio Φf /Φρ → 0. The value Δfz' is of the first order in ε. Thus:

( )0
/f

N
Nρ εΦ Φ =

D
.
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The number of lines crossing a given surface area obviously increases with the size of that area. For 
some continuous function, such as f, this number is proportional to the area for small surfaces. However, 
in this case, as T→∞, the set of points corresponding to the δ-functions (9) (the Poincare section for 
a chaotic attractor) is a fractal for which, for small area values, the relation holds:

( ) ( )0 0
d

N S
N S

 
=  D D 

, 	 (17)

where d < 1, S(0) is the area of the base of the cube, and DS is the area of the shaded shape shown in Fig. 2. 
The lines entering the cube through this shape exit through the side faces.

Fig. 2. Diagram for the derivation of equation (18)

Since the lines f(r) are directed at small angles of order ε to the vector f0, the figure with area DS is 
a strip of width approximately ∆l = εl and length 4l. Substituting these values into formula (17), we obtain:

( )0 1
4

dN
N ε

 ≈  D   .

As a result, for the ratio of fluxes Φf /Φρ , the expression is obtained:

11/
4

d
f dρ ε −Φ Φ ≈ .	 (18)

Since d < 1, expression (18) implies that for l→0, the ratio Φf /Φρ → 0. Note that the flux through 
the side surfaces is proportional to DN, but is of order ε times smaller than the flux Φρ . Thus, it can be 
concluded that when smoothing the distribution function, the term proportional to div(f) in expres-
sion (5) becomes negligible compared to the term proportional to grad(ρ). Note that if the function 
ρ(r,t) were continuous, the value of d would be 1, and the fluxes Φf and Φρ would be of the same order 
of smallness.

This conclusion can be generalized to a space with dimension greater than 3 by making the general 
assumption that when averaging over a small volume in phase space, the derivatives of the continuous 
function f(r) decrease faster than the derivatives of the function ρ(r,t), which is not continuous as t→∞.

Calculation of the radiation intensity spectrum through the fluctuation spectrum  
of a smoothed distribution function

In systems treated by the methods of statistical physics, the time evolution of the average statistical 
value of a quantity G, expressible in terms of the system variables r, is calculated by averaging according 
to the general rules (see, for example, (Kuni 1981)):

�G(t)� = ∫ G(r)ρ(r,t)dv.	 (19)
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When considering the evolution of a state near equilibrium, the distribution function can be repre-
sented as:

ρ(r,t) = ρ0(r) + δρ(r,t),

where ρ0(r) is the equilibrium distribution function, and δρ(r,t) describes small fluctuations near equi-
librium. Accordingly, from formula (19) we obtain:

�G(t)� = G0 + �δG(t)�,

where the value �δG(t)� is determined by the fluctuation of the distribution function �δG(t)�. Note that 
the values of the function �δG(t)� are not necessarily small compared to G0, since, for example, G0 can 
be zero due to symmetry.

In many cases, the primary interest is not the time dependence of �δG(t)�, but its Fourier transform.

( )
–

ei tG G t dtω
ωd d

∞

∞
= ∫ .

Accordingly, the values of δGω are determined by the Fourier transform of the distribution function 
fluctuations:

( ) ( )
–

, ei tr t dtω
ωdρ dρ

∞

∞
= ∫ r . 

Note that for conservative systems, where div(f) = 0, equation (5) is similar to the equation obtained 
above for the smoothed distribution function (11). The similarity, however, is not complete. In both 
cases, the equation for the distribution function has the form:

ρ͘(r,t) + iLρ(r,t) = 0,

where the operator L is defined by the equality:

Lρ(r,t) = –if · grad(ρ(r,t)).

However, while for conservative systems the Liouville operator L is self-adjoint (see (Kuni 1981)), for 
dissipative systems it is not. Nevertheless, we can attempt to use the calculation of distribution function 
fluctuations to determine the spectra of physical quantities in the equations of the nonlinear dynamics 
for systems in a chaotic state. In particular, the emission spectra of a dynamical system are determined 
by the Fourier transform of the time derivative of the system’s dipole moment, denoted here by V: 

I(ω) = ω2|Vω|2.	 (20)

The Fourier transform Vω can be determined directly by solving the system of equations (1):

( )( )
0

e
T i tV V t dtω

ω = ∫ R , 	 (21)

where R(t) is the solution of the system of equations (1) obtained over the interval from 0 to T. The ap-
plicability of the smoothed distribution function can be tested by comparing calculations using formu-
las (20) and (21) with calculations that determine fluctuations in the smoothed distribution function. 
The corresponding expressions are:

�Iω� = ω2|�Vω�|2, 	 (22)

�Vω� = ∫ V(r)ρ̄ω(r)dv,	 (23)

where ρ̄ω(r) p is the Fourier transform of the smoothed distribution function.
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Formulas (21) and (23) simplify in the case when the variable V is one of the variables in phase space, 
so that:

r = (V, r2, r3, … rn), 

Formula (21) then transforms to:

( )
0

e
T i tV V t dtω

ω = ∫ .

For the average value �Vω�, we get:

�Vω� = ∫ Fω(V)VdV,

where the function

Fω (V) = � dr2 dr3 … drn ρ̄ω(V, r2, r3, … rn)

can be considered the Fourier transform of the distribution function over the variable V.

Numerical calculations

The feasibility of calculating the radiation spectra intensity of mechanical systems by first computing 
the fluctuations of the smoothed distribution function was tested on two mechanical systems where 
chaotic oscillations occur for specific parameter sets.

The first system chosen was an oscillator with a W-shaped potential under external harmonic forces, 
known as the Duffing oscillator. As a second example, self-oscillations in a mechanical system with two 
degrees of freedom under the influence of external dry friction force were considered (Liaptsev 2010).

The calculation of the function Fω (V) was performed by solving the system of equations describing 
the system’s dynamics (equations (1)) over a time interval from 0 to Tmax. This interval was divided into 
nt-1 equal subintervals. The variable ω took nω equidistant discrete values in the range from 0 to ωmax. 
The variable V took nv equidistant discrete values in the range from Vmin to Vmax. By solving the system 
of differential equations, the value Vmk ≈ V(ti)exp(iωmtj) was determined for each time tj. Summing these 
values determined the array Fmk = Fωm 

(Vk). Normalization was performed at the value ω1=0:

1
1vn

mkk
F

=
=∑ .

The Duffing oscillator

The Duffing equation, which describes, in particular, forced oscillations of an oscillator with a W po-
tential, can be reduced via large-scale transformations to the form:

ẍ + γ͘x + αx + βx3 = f cos(Ωt).

This non-autonomous second-order differential equation can be reduced to an autonomous system 
of equations of the form (1):

ẋ = V
V̇ = –γV – αx – βx3 + f cos φ.
φ̇ = Ω

A chaotic solution, for which the calculation was performed, occurs with the following parameter 
set: α = –1, → β = 1, γ = 0.3, f = 0.4, Ω = 1.2. The parameters used in the numerical calculations were: 
Vmax = –Vmin = 0.97, nv = 101, ωmax = 6, nω100, Tmax = 2000π/Ω, nt-106. 

The results of the intensity calculation are shown in Fig. 3.
In the figure, the dots represent the values calculated by formula (20), and the circles represent 

the values calculated by formula (22).
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As can be seen from the figure, reasonably good agreement between the calculations is obtained, 
indicating that the description of chaotic states using a smoothed distribution function is adequate. 
The figure also shows the chaotic nature of the spectrum. For other parameters, for instance, reducing 
the value of f to 0.37 while keeping the others constant, results in a regular periodic motion (an attractor 
in the form of a limit cycle) instead of a chaotic state. Accordingly, the radiation spectrum acquires 
a structure of distinct narrow lines. However, as calculations show, using the smoothed distribution 
function still yields results consistent with the direct spectrum calculation (20).

Chaotic self-oscillations under the influence of dry friction force

Mechanical self-oscillations under the influence of dry friction force occur, for example, when a bow 
moves along a string. The system shown in Fig. 4 (Kondratyev and Liaptsev 2008) is often considered 
as a model problem for studying such self-oscillations.

The system is a body on a moving conveyor belt, connected by elastic force to a fixed support. Self-
oscillations arise because the dry friction force depends on the velocity of the body relative to the belt, 
the modulus of which decreases with increasing modulus of velocity (Fig. 5). 

The equation of motion for this system reduces to a system of equations (1). However, since the phase 
space dimension in this case is 2, the attractor is a limit cycle. The possibility of chaotic self-oscillations 
arises in systems with a greater number of degrees of freedom. A system proposed in (Liaptsev 2010) 
is shown in Fig. 6.

The device resembles a chart recorder, where a pen slides along a moving tape, leaving a trace. A body 
slides along a horizontal tape moving at speed u (point A in the figure). The body is fixed to a rod, which 

Fig. 3. Calculation results for the Duffing oscillator

Fig. 5. Dependence of the modulus  
of dry friction force on velocity

Fig. 4. A model for studying self-
oscillations under the influence of dry 

friction force
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can rotate so that the angle φ between the rod and the tape can vary within certain limits. These limits 
are determined by a nonlinear elastic force that returns the rod to its equilibrium position (φ = 0). A se
cond degree of freedom is introduced by a ‘carriage’ (body B) on which the rod is fixed; this carriage can 
move translationally in a direction perpendicular to the tape along a set of guides. Accordingly, the car-
riage speed V may vary within certain limits.

The equations governing the motion of the system contain several parameters, and their detailed 
derivation is described in (Liaptsev 2010). A key control parameter is the tape speed u. Depending on this 
parameter, the resulting self-oscillations can be either regular (periodic) or chaotic.

In this work, the spectrum of chaotic self-oscillations for such systems is determined using the methods 
described above (Fig. 7). The dipole moment of the system is assumed to be determined by the position 
of carriage B. The frequency of small free vibrations of the rod under the action of the elastic force is cho-
sen as the unit frequency. The graphs show the values of I/ω2. As in the previous example, the dots indicate 
values calculated by formula (20), and the circles indicate the values calculated by formula (22).

As in the previous example, the chaotic nature of the spectrum is evident, and good agreement is ob-
served between the spectrum calculated by the direct method (formula (20)) and that calculated using 
the smoothed distribution function (formula (22)).

Fig. 7. Results of the spectrum calculation for a model demonstrating chaotic self-oscillations  
under the action of dry friction

Fig. 6. A model demonstrating the occurrence of chaotic  
self-oscillations under the influence of dry friction force
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Description of the chaotic state of a nonlinear dynamical system…

Conclusion

The numerical calculations presented here are, of course, of a private nature. However, they confirm 
the feasibility of using a smoothed distribution function to describe the chaotic states of systems governed 
by nonlinear dynamic equations. Unlike the exact distribution function defined in the methods of sta-
tistical physics, the smoothed distribution function in these problems is continuous and more consistent 
with numerical calculations performed for specific systems.

Conflict of Interest

The authors declare that there is no conflict of interest, either existing or potential.

References

Gonchenko, A. S., Gonchenko, S. V., Kazakov, A. O., Kozlov, A. D. (2017) Matematicheskaya teoriya dinamicheskogo 
khaosa i ee prilozheniya: Obzor. Chast’ 1. Psevdogiperbolicheskie attraktory [Mathematical theory of dynamical 
chaos and its applications: Review. Part 1. Pseudohyperbolic attractors. Pseudohyperbolic attractors]. Izvestiya 
Vysshikh uchebnykh zavedeniy. Prikladnaya nelineynaya dinamika — Izvestiya VUZ. Applied Nonlinear 
Dynamics, 25 (2), 4–36. https://doi.org/10.18500/0869-6632-2017-25-2-4-36 (In Russian)

Gorbacheva, A. S., Ryzhov, I. V. (2022) Analytical regularities of inversionless superradiance. Physics of Complex 
Systems, 3 (2), 66–74. http://dx.doi.org/10.33910/2687-153X-2022-3-2-66-74 (In English)

Grinchenko, V. T., Matsipura, V. T., Snarskij, A. A. (2007) Vvedenie v nelinejnuyu dinamiku. Khaos i fraktaly 
[Introduction to Nonlinear dynamics. Chaos and fractals]. 2nd ed. Moscow: URSS Publ., 283 p. (In Russian)

Kamke, E. (1967) Differentialgleichungen Lösungsmethoden und Lösungen [Differential equations: Solution methods 
and solutions.]. Vol. 2. Leipzig: Akademische Verlag, 668 p. (In German)

Kondratyev, A. S., Liaptsev, A. V. (2008) Fizika. Zadachi na komp’yutere [Physics. Tasks on the computer]. Moscow: 
“Fiziko-matematicheskaya literatura” Publ., 400 p. (In Russian)

Kuni, F. V. (1981) Statisticheskaya fizika i termodinamika [Statistical physics and thermodynamics]. Moscow: Nauka 
Publ., 352 p. (In Russian)

Kuznetsov, S. P. (2006) Dinamicheskij khaos: Kurs lektsij. Uchebnoe posobie dlya vuzov [Dynamic chaos: A course 
of lectures. Textbook for]. 2nd ed. Moscow: “Fiziko-matematicheskaya literatura” Publ., 356 p. (In Russian)

Liaptsev, A. V. (2010) Strannyj attraktor v prostejshej mekhanicheskoj sisteme [A strange attractor in the simplest 
mechanical system]. Komp’yuternye instrumenty v obrazovanii — Computer Tools in Education Journal, 6, 
57–66. (In Russian).

Liaptsev, A. V. (2021) Spontaneous symmetry breaking and superposition of states in systems with dynamic chaos. 
Physics of Complex Systems, 2 (3), 122–131. https://www.doi.org/10.33910/2687-153X-2021-2-3-122-131

Liapzev, A. V. (2019) The calculation of the probability density in phase space of a chaotic system on the example 
of rotator in the harmonic field. Computer Assisted Mathematics 1, 55–65. (In English)

Lifshitz, E. M., Pitaevskii, L. P. (1981) Physical Kinetics. Vol. 10. Oxford: Butterworth-Heinemann Publ., 452 p. 
(In English)

Loskutov, A. Yu. (2007) Dynamical chaos: Systems of classical mechanics. Physics – Uspekhi, 50 (9), 939–964. 
https://doi.org/10.1070/PU2007v050n09ABEH006341 (In English)

Malinetsky, G. G., Potapov, A. B. (2000) Sovremennye problemy nelinejnoj dinamiki [Modern problems of nonlinear 
dynamics]. Moscow: Editorial URSS Publ., 336 p. (In Russian)

Ryzhov, I. V., Kovyneva, E. S., Devyatkov, A. M. (2024) Superradiation in a Medium Consisting of Two Ultra-Thin 
Layers, Considering the Influence of Homogeneous and Inhomogeneous Spectral Line Broadening. Bulletin 
of the Russian Academy of Sciences: Physics, 88 (6), 909–921. https://doi.org/10.1134/S1062873824706810 
(In English)

Ryzhov, I. V., Malikov, R. F., Malyshev, A. V., Malyshev, V. A. (2019) Nonlinear optical response of a two-dimensional 
quantum-dot supercrystal: Emerging multistability, periodic and aperiodic self-oscillations, chaos, and transient 
chaos. Physical Review A, 100 (3), article 033820. https://doi.org/10.1103/PhysRevA.100.033820 (In English)

Ryzhov, I. V., Malyshev, V. A., Malikov, R. F., Malyshev, A. V. (2021) Quantum metasurfaces of arrays of Λ-emitters 
for photonic nano-devices. Journal of Optics, 23 (11), article 115102. https://doi.org/10.1088/2040-8986/ac2788 
(In English)

Ryzhov, I. V., Malyshev, V. A., Malikov, R. F., Malyshev, A. V. (2021) Nonlinear optical dynamics of 2D super-crystals 
of quantum Λ-emitters. Journal of Physics: Conference Series, 2103 (1), article 012226. https://doi.org/10.1088/1742-
6596/2103/1/012226 (In English)

Sagdeev, R. Z., Usikov, D. A, Zaslavskii, G. M. (1988) Nonlinear physics: From the pendulum to turbulence and 
chaos. New York: Harwood Academic Publ., 675 p. (In English)

Schuster, G. H. (1984) Deterministic chaos. An introduction. Weinheim: Physik-Verlag, 304 p. (In English)

https://www.doi.org/10.33910/2687-153X-2025-6-4-196-206
https://doi.org/10.18500/0869-6632-2017-25-2-4-36
http://dx.doi.org/10.33910/2687-153X-2022-3-2-66-74
https://www.doi.org/10.33910/2687-153X-2021-2-3-122-131
https://doi.org/10.1070/PU2007v050n09ABEH006341
https://doi.org/10.1134/S1062873824706810
https://doi.org/10.1103/PhysRevA.100.033820
https://doi.org/10.1088/2040-8986/ac2788
https://doi.org/10.1088/1742-6596/2103/1/012226
https://doi.org/10.1088/1742-6596/2103/1/012226


207

 
Physics of Complex Systems, 2025, vol. 6, no. 4 

www.physcomsys.ru

Физика конденсированного состояния

СРАВНЕНИЕ ВЛИЯНИЯ ПРИМЕСЕЙ РАЗЛИЧНОЙ СТРУКТУРНОЙ ОРГАНИЗАЦИИ 
НА ЭЛЕКТРИЧЕСКИЕ СВОЙСТВА МЕРЗЛОЙ ВЛАГОСОДЕРЖАЩЕЙ ДИСПЕРСНОЙ 
СИСТЕМЫ

Александр Сергеевич Волков, Дмитрий Николаевич Макаров
Аннотация. В статье приведены результаты экспериментальных исследований частотных за-

висимостей удельной электрической проводимости мерзлых влагосодержащих дисперсных си-
стем — моделей реальных арктических почвогрунтов, в которых в качестве дисперсной фазы 
выступает лед с диссоциирующими примесями кислот и недиссоциирующими примесями саха-
ридов. Исследования проводились при температурах от 130 до 270 К и частоте внешнего элек-
трического поля от 25 Гц до 1 МГц. Для мерзлой дисперсной системы с примесями ортофосфор-
ной, серной, азотной кислот, фруктозы и сахарозы на основании уравнения Дебая, модели 
Жаккарда и теории ионной тепловой поляризации рассчитаны статическая и высокочастотная 
проводимость, время релаксации, проводимость по ориентационным и ионным дефектам. При-
ведено сравнение эффективности влияния примесей на удельную электрическую проводимость 
мерзлой дисперсной системы. Предложена модель мерзлой влагосодержащей среды, объясняю-
щая электрические свойства беспримесных сред и систем с примесями.

Ключевые слова: влагосодержащая дисперсная система, удельная электрическая проводи-
мость, лед, диссоциирующие примеси, энергия активации, время релаксации

Для цитирования: Volkov, A. S., Makarov, D. N. (2025) Comparison of the effect of impurities 
with different structural organization on the electrical properties of a frozen moisture-containing dis-
persed system. Physics of Complex Systems, 6 (4), 160–169. https://www.doi.org/10.33910/2687-
153X-2025-6-4-160-169 EDN VFMJNL

ФИЛЬТРАЦИЯ ВОДНО-СПИРТОВЫХ ЖИДКОСТЕЙ С  ИСПОЛЬЗОВАНИЕМ 
ЭЛЕКТРИЧЕСКИ МОДИФИЦИРОВАННЫХ КОМПОЗИЦИОННЫХ МАТЕРИАЛОВ

Ляйсан Рафаиловна Галеева, Мансур Флоридович Галиханов, Светлана Владимировна  
Гильфанова

Аннотация. В исследовании изучается влияние воздействия униполярного коронного раз-
ряда на фильтрационные характеристики полипропиленовых нетканых материалов, бумажных 
фильтров и двухслойного композитного материала на их основе. Показано, что двухслойный 
фильтр, состоящий из беззольного фильтра «Красная лента» и нетканого полипропиленового 
полотна «Спанбонд», обеспечивает более высокую эффективность фильтрации, чем каждый 
из материалов в отдельности. Электретная обработка образцов уменьшила количество загрязняю
щих частиц в фильтрате на ~80% для бумажных фильтров и на ~30% для полипропиленового 
нетканого материала по сравнению с необработанными образцами. При этом время фильтрации 
увеличивается в среднем в 1,3 раза. Тестирование эффективности фильтрации двухслойных ма-
териалов в капсульном картридже с надосадочной жидкостью для фильтрации синтетических 
моющих средств продемонстрировало высокую эффективность разделения — модификация 
картриджа повысила его эффективность почти в четыре раза.

Ключевые слова: фильтры, беззольный бумажный фильтр, полипропиленовый нетканый 
материал, двухслойный материал, электрет, коронный разряд, сепарационная способность, филь-
трующая способность

Для цитирования: Galeeva, L. R., Galikhanov, M. F., Gilfanova, S. V. (2025) Filtration of water- 
alcohol liquids using electrically modified composite materials. Physics of Complex Systems, 6 (4), 
170–175. https://www.doi.org/10.33910/2687-153X-2025-6-4-170-175 EDN WFRSWV
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ВЛИЯНИЕ ЭПОКСИУРЕТАНОВОГО МОДИФИКАТОРА ПЭФ-3А НА ФИЗИКО-
МЕХАНИЧЕСКИЕ И ЭЛЕКТРЕТНЫЕ СВОЙСТВА ХЕМОЭЛЕКТРЕТОВ НА ЭПОКСИДНОЙ 
ОСНОВЕ, ОТВЕРЖДАЕМЫХ В ЭЛЕКТРИЧЕСКОМ ПОЛЕ

Мансур Флоридович Галиханов, Тагир Талгатович Мусаев, Екатерина Николаевна Мочалова 
Аннотация. В работе изучается влияние эпоксиуретанового олигомера ПЭФ-3A в качестве 

модификатора на степень сшивания, физико-механические свойства и электретные характери-
стики материалов на основе эпоксидных смол, отверждаемых в электрическом поле. Смешением 
эпоксидного олигомера DER-331, модификатора ПЭФ-3A (2,5–10 мас. %) и полиаминоамидного 
отвердителя L-20 были получены образцы двух видов — неполяризованные и электретированные 
(хемоэлектреты). Показано, что с увеличением количества ПЭФ-3A в составе композитов вслед-
ствие пространственных ограничений и снижения частоты сшивки снижаются разрушающее 
напряжение при растяжении и твердость по Шору D. Свойства электрета, такие как поверхност-
ный потенциал и плотность заряда, незначительно зависят от концентрации модификатора. 
Одновременное отверждение и поляризация приводят к ориентации молекулярных диполей, 
повышая прочность хемоэлектретов по сравнению с неполяризованными аналогами. 

Ключевые слова: эпоксидный олигомер, полиаминоамид, эпоксиуретановый модификатор, 
гель-фракция, степень сшивки, электретирование, хемоэлектрет, разрушающее напряжение при 
растяжении, твердость по Шору D

Для цитирования: Galikhanov, M. F., Musaev, T. T., Mochalova, E. N. (2025) Effect of the epoxy-
urethane modifier on the physicomechanical and electret properties of epoxy-based chemoelectrets 
cured in an electric field. Physics of Complex Systems, 6 (4), 176–181. https://www.doi.org/10.33910/2687-
153X-2025-6-4-176-181 EDN IQWJMZ

ИСПОЛЬЗОВАНИЕ МИКРОСФЕРИЧЕСКИХ СТЕКЛЯННЫХ ДОБАВОК В КАЧЕСТВЕ 
ПРОМОУТЕРОВ УЛЬТРАФИОЛЕТОВОГО РАЗЛОЖЕНИЯ ПОЛИМЕРОВ

Кирилл Львович Левин, Альберт Константинович Хрипунов, Джуд Иро, Данте Батточи
Аннотация. В данном исследовании методом электрохимической импедансной спектроскопии 

изучалось влияние микросферических стеклянных добавок на стимулированную ультрафиолетом 
деградацию пленок полиметилметакрилата. Установлено, что УФ-облучение ускоряет деградацию 
полимера, в то время как микросферическое стекло усиливает этот процесс за счет светоконцен-
трации и каталитической активности. Электрохимическая импедансная спектроскопия показы-
вает снижение импеданса в пленках с микросферическим стеклом после длительного облучения, 
указывая на ускоренное разрушение покрытия по сравнению с чистым полиметилметакрилатом. 
Примененный подход, таким образом, показывает перспективность использования микросфе-
рических стеклянных добавок для изготовления пластиков, способных ускоренно разрушаться 
под воздействием факторов окружающей среды.

Ключевые слова: УФ-разлагаемые пластмассы, биополимеры, микросферическое стекло, 
стимуляторы деградации, электрохимическая импедансная спектроскопия

Для цитирования: Levine, K. L., Khripunov, A. K., Iroh, J., Battocchi, D. (2025) Microspherical 
glass additives as coating degradation promoters for UV degradable polymers. Physics of Complex Sys-
tems, 6 (4), 182–187. https://www.doi.org/10.33910/2687-153X-2025-6-4-182-187 EDN ITKOWX

Физика полупроводников

ОПТИЧЕСКИЕ СВОЙСТВА ПЕНТАОКСИДА ВАНАДИЯ, ЛЕГИРОВАННОГО 
АЛЮМИНИЕМ

Алексей Андреевич Кононов, Павел Сергеевич Провоторов, Леонид Юрьевич Орлов, Владимир 
Александрович Климов

Аннотация. Работа посвящена изучению влияния постпереходного металла Al на оптические 
свойства и ширину запрещенной зоны тонких пленок V2O5. С использованием метода спектро-
фотомерии измерены спектры пропускания тонких пленок V2O5 с различным процентным со-
держанием алюминия, рассчитаны спектры коэффициента экстинкции и определены значения 
ширины оптической запрещенной зоны. Обнаружено, что легирование Al приводит к уменьшению 

https://www.doi.org/10.33910/2687-153X-2025-6-4-176-181
https://www.doi.org/10.33910/2687-153X-2025-6-4-176-181
https://www.elibrary.ru/IQWJMZ
https://www.doi.org/10.33910/2687-153X-2025-6-4-182-187
https://www.elibrary.ru/ITKOWX


209

 
Physics of Complex Systems, 2025, vol. 6, no. 4 

www.physcomsys.ru

ширины запрещенной зоны пленок V2O5, как в случае прямых, так и в случае непрямых разрешен-
ных межзонных переходов. Дана интерпретация наблюдаемых изменений при легировании.

Ключевые слова: пентаоксид ванадия, легирование тонких пленок, ширина оптической за-
прещенной зоны, зонная структура V2O5, спектрофотометрия

Для цитирования: Kononov, A. A., Provotorov, P. S., Orlov, L. Yu., Klimov, V. A. (2025) The optical 
properties of vanadium pentoxide doped with aluminum. Physics of Complex Systems, 6 (4), 188–195. 
https://www.doi.org/10.33910/2687-153X-2025-6-4-188-195 EDN HQDVTR

Теоретическая физика

ОПИСАНИЕ ХАОТИЧЕСКОГО СОСТОЯНИЯ НЕЛИНЕЙНОЙ ДИНАМИЧЕСКОЙ 
СИСТЕМЫ ПРИ ПОМОЩИ СГЛАЖЕННОЙ ФУНКЦИИ РАСПРЕДЕЛЕНИЯ

Александр Викторович Ляпцев
Аннотация. Рассматривается возможность описания хаотического состояния динамических 

систем при помощи функции распределения. Показано, что для диссипативных систем описание 
при помощи функции распределения подобной той, что используется в задачах статистической 
физики, является неадекватным. Это объясняется тем, что при больших временах эволюции соот
ветствующая функция перестает быть непрерывной. Предлагается определение сглаженной 
функции распределения, которая получается при определенном усреднении статистической 
функции распределения. Получено уравнение для сглаженной функции распределения. Резуль-
таты использованы для вычисления спектров излучения динамических систем, находящихся 
в хаотическом состоянии.
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