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Abstract. The paper presents the results of an experimental study of the dielectric properties of a composite
with a polymer matrix based on polyvinyl alcohol cyanoethyl ether (CEPVA) with a filler—ferroelectric
barium titanate BaTiO3 modified with graphene nanoparticles. The behavior of frequency dependences
of the components with complex permittivity and electrical modulus indicates the relaxation character
of the dielectric polarization with the participation of polar formations of the functional components
of the composite under study.
Keywords: dielectric relaxation, electrical modulus, polymer composite, barium titanate, graphene.

Introduction
Polymer-inorganic composites are widely used in various fields of technology due to the combination
of the properties of a polymer and a functional filler. CEPVA stands out among other modern polymeric materials (Avanesyan et al. 2009; 2012). It has the highest dielectric constant (ε) among modern
polymers (up to 25) due to the high number of polar nitrile (C ≡ N), carbonyl (C = O) and hydroxyl (OH)
groups. Polymer-inorganic composite materials with a high dielectric constant may find application in
protective dielectric layers in capacitors, displays, electroluminescent light sources, and other electronic devices. Creating flexible optoelectronic devices necessitates materials with high dielectric constants, which can be implemented, in particular, by using polymer composites containing CEPVA
as a binder with a filler—ferroelectric barium titanate BaTiO3 (Alekseev et al. 2006).
Previously, the possibilities of improving the characteristics of composites were studied by modifying
the surface layer of the BaTiO3 filler with Si, Ta, Mg oxides and shungite in order to improve its compatibility with the polymer matrix (Myakin et al. 2011; Sychev et al. 2014). It was found that the modification
of the filler allows changing the dielectric constant within wide limits, regulating the interfacial interactions in the system, and also changing the content of active centers on the barium-titanium surface
corresponding to the main hydroxyl groups (Bronsted centers) capable of interacting with weakly
95
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acidic hydroxyl groups in CEPVA (Sychev et al. 2016). Creating flexible electronics devices necessitates
materials with high dielectric constants, which can be implemented, in particular, by using polymer
composites containing polyvinyl alcohol cyanoethyl ether as a binder with a filler—barium titanate
modified with graphene (Mjakin et al. 2019).
This article reports the results of an experimental study of the electrophysical properties of a composite based on a CEPVA polymer matrix with a BaTiO3 filler modified with graphene.

Experiment
The samples were layers of a polymer-inorganic composite deposited through a die onto an aluminum
foil specially mounted on a glass slide. A CEPVA solution was used as a polymer matrix, in which
a barium titanate BaTiO3 powder was dispersed, having a dielectric constant ε = 4000 and a particle size
of the order of 1 μm in a ratio of 1.1 ml of polymer solution per 1 g of solution. filler. The thickness
of the layers of the obtained composites varied from 20 to 80 μm. The resulting layers were covered with
electrodes of conductive glue on silver (contactol). Electrical measurements in the frequency range
5 · 102 – 105 Hz were carried out at room temperature using a specially designed measuring cell and
LCR-819 precision meter manufactured by GW Instek, Taiwan.

Results and discussion
Fig. 1 shows the frequency dependence of the capacitance of the sample of the composite under study.
The values were determined by the standard formula for a flat capacitor. As follows from the data presented, there is a scatter of the real component of the complex dielectric constant ε* = ε’ – iε” (ε’ and ε”
are real and imaginary components of ε*, respectively), namely, a decrease in its values with an increase
in the frequency of the measuring field.

Fig. 1. Frequency dependence of the capacitance of the sample of the CEPVA-modified BaTiO3 composite

The analysis of the available data (Avanesyan et al. 2009; Borodzyulya et al. 2013) shows that
the pronounced dispersion of the experimental dielectric characteristics is due to the presence of functional polar groups in the structure of the polymer binder under study (Fig. 2). The relaxing elements
in the structure of CEPVA include OH groups, which, according to IR spectroscopy data, refer not only
to the binder material, but also to adsorbed water. The OH group is polar due to the difference in the
values of the electronegativity of oxygen and hydrogen atoms, and the density of electronic bonds
is shifted towards the more electronegative oxygen atom. Two 2sp3– atomic orbitals of the CEPVA
structure are involved in the formation of bonds of the oxygen atom with the C and H atoms. The oxygen
atom contains two lone electron pairs, which are located in the 2s and 2p positions and stimulate
the formation of asymmetric polar coordination. The CN group is also polar due to the different electronegativity of carbon and nitrogen atoms. In this case, the density of electronic bonds shifts towards
96
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the more electronegative nitrogen atom. The CN group is distinguished by a pronounced dipole structure,
which, due to the presence of a lone electron pair in its structure, can cause the main dielectric response
when measured at low frequencies of the electric field.

Fig. 2. Structural formula of CEPVA (Borodzyulya et al. 2013)

With increasing frequency, the value of the dielectric loss tangent tan δ of the samples decreases
(Fig. 3), reaching a minimum at a frequency of about 103 Hz. With a further increase in the field frequency, the values of this parameter increase. It is known that CEPVA films, like films made from other
cyano-containing polymers, are characterized by significant through conduction. Thus, the results obtained can also be associated with the integral contribution to the dielectric loss of the processes
of conduction and relaxation polarization.

Fig. 3. Frequency dependence of the tan δ of the sample of the CEPVA-modified BaTiO3 composite
The inclusion of graphene nanoparticles leads to a change in the functional composition of the barium titanate surface, associated with a change in the quantitative content of acidic and basic hydroxyl
groups, as well as the nature of conjugation of electrons of the lone pair of the hydroxyl group (Sychev
et al. 2016). Earlier it was also found (Deb, Ghosh 2010) that the tangent of the dielectric loss angle
of the composites under study correlates with the content of surface centers along which water is adsorbed, which determines an increase in this parameter.
In dielectrics, such as, for example, polymer composites, the formation of a space charge can lead to
an increase in the local electric field and, as a result, to partial discharges and breakdown. In addition,
the accumulation of charge near the electrode causes an abnormally high dielectric constant, which does
Physics of Complex Systems, 2021, vol. 2, no. 3
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not reflect the process of bulk dielectric relaxation, which complicates research in this area. To rationalize the dielectric response of materials with some electrical conductivity, the formalism of the electrical
module can be used. This approach makes it possible to interpret the dielectric properties of the sample
volume directly with the exclusion of electrode polarization which alleviates the problems caused by
electric transport that can mask the dielectric relaxation. The complex electrical modulus M* is related
to the components of the complex dielectric constant and can be represented by the expression (Avanesyan, Salnikova 2017):

1

,

*

(1)

where M‘, M“ are the real and imaginary parts of the complex values of the electrical modulus.
The electrical modulus (M*) can also be expressed as the Fourier transform of the relaxation function
φ (t) (Deb, Ghosh 2010):
,

(2)

where the dependence φ (t), represented by the so-called Kohlrausch—Williams—Watts function
(Williams, Watts 1970), reflects the time process of changing the electric field in the material, described
by an extended exponent φ (t) = exp [– (t /τ m)β], where τ m is the conductivity relaxation time, and
the value of the exponent β indicates the degree of deviation from relaxation of the Debye type. In turn,
the relaxation time associated with the process of electric transport can be found from the graph of the
dependence of the component M” on frequency. The value of the parameter τm can also be obtained from
its temperature dependence as τ m = τo exp (ER / kT), where ER is the activation energy of the relaxation
process, τo is the preexponential factor, k is the Boltzmann constant, and T is the absolute temperature.
The data of dielectric measurements of the samples of the layers of the investigated composite made
it possible to study the behavior of the components of the complex electrical module. At low frequencies,
the value of the parameter M’ approaches zero (Fig. 4), which indicates the suppression of polarization
near the electrode. At high frequencies, the values of M’ are characterized by dispersion and reach
a maximum value corresponding to M∞ = (ε∞)–1, due to the process of dielectric relaxation, when the
displacement frequencies of localized charge carriers and the external electric field coincide. The behavior
of the imaginary part of the electrical module reflects the energy loss of the sample in the electric field
(Fig. 5). The frequency range below the maximum values of M” indicates the region in which the drift
of ions over long distances is probable. At high frequencies, their mobility decreases, being limited in
space by movement only within the boundaries of the corresponding potential wells. The data obtained
can vary with a change in the concentration of the modifier, which is due to some changes in the functional
composition of the polymer composite.

Fig. 4. Frequency dependence of the M‘ of the sample of the CEPVA-modified BaTiO3 composite
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Fig. 5. Frequency dependence of the M“ of the sample of the CEPVA-modified BaTiO3 composite

Conclusion
Thus, the analysis of the results of dielectric measurements and spectroscopy of the electrical modulus
indicates active polarization processes with non-Debye relaxation in the investigated composite.
These processes, along with the presence of a filler with a high dielectric constant, are largely associated
with the content of polar groups in the CEPVA structure. It can also be noted that the introduction
of graphene nanoparticles into the filler of the polymer matrix, i.e., into the ferroelectric BaTiO3, has an
additional effect on the dielectric properties of the system under study due to the change in the content
of basic and acidic centers of the surface.
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Abstract. The article discusses the possibilities of fine composition variation of polycrystalline PZT films
at the morphotropic phase boundary. The composition of thin films prepared by RF magnetron sputtering
of a ceramic target of stoichiometric composition PbZr0.54Ti0.46O3 was varied by changing the distance from
the target to the substrate in the range of 30–70 mm. This made it possible to change the composition
by ~1.5%. The study focused on the dielectric properties of the formed self-polarized films. The study found
that the resistance to external electric fields depends on the conditions of film preparation.
Keywords: method of fine composition variation, PZT, thin films, morphotropic phase boundary, scanning
electron microscopy.

Introduction
A popular and highly efficient piezoelectric ceramic based on PbZr1–xTixO3 (PZT) solid solutions was
developed in the 1960s. It is still widely used in technical applications. Numerous studies of pre-polarized
ceramic PZT samples have shown that high piezoelectric coefficients are observed only in
a very narrow range of changes in the Zr/Ti ratio corresponding to the concentration phase transition
from the tetragonal to rhombohedral modification of the ferroelectric phase (Fig. 1) (Jaffe et al. 1971).
This region of concentration is usually called the morphotropic phase boundary (MPB). The reasons
for the abnormal changes in physical characteristics at the MPB are still a point of controversy, and there
are at least several approaches to their explanation (Isupov 1983; Jaffe et al. 1971; Noheda et al. 1999;
Sergienko et al. 2002; Wada et al. 2006; Xu 1991). The width of this region is estimated from fractions of
a percent to several percent and depends on the ceramic technology, including the temperature and
atmosphere of synthesis (and sintering), the presence of excess lead, the purity of the reagents used, grain
size, and mechanical stress (Isupov 1983; Jaffe et al. 1971; Xu 1991). In this case, the broadening of the
MPB region leads to a decrease in the dielectric and electromechanical parameters.
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Fig. 1. Phase diagram of ferroelectric Pb(Zr1–xTix)O3 solid solutions. The line separating the T and Rh1 phases
corresponds to the region of the morphotropic phase boundary (Jaffe et al. 1971)

The end of the 20th century witnessed the development of thin-film technologies (both physical and
chemical) resulting in rigorous studies of PZT-based thin-film structures. It has been shown that the
range of their possible application is much wider than that of ceramics, and covers such areas as nondestructible random-access memory (FRAM) (Izyumskaya et al. 2007; Scott, Paz de Araujo 1989; Scott
1998; Vorotilov et al. 2011), microelectromechanics (MEMS) (Kang et al. 2016; Muralt 2008; Polla 1995;
Whatmore 1999), IR technic (Bruchhaus, Pitzer, Schreiter 1999; Whatmore 1999); multiferroics, etc.
(Eerenstein et al. 2006; Scott 2007).
For MEMS applications, PZT compositions belonging to MPB are optimal. One of the advantages,
is that the produced (virgin) films have macroscopic polarization (self-polarization) and require no
additional polarization. In addition, experiments have shown that such films are more resistant to external
(electrical, mechanical and thermal) influences (Afanasjev et al. 2001; Bruchhaus et al. 1999; Kholkin et
al. 1998; Sviridov et al. 1994).
Finding the compositions with the best properties necessitates fine variation of composition within
the MPB range. It is relatively easy to achieve variation with chemical methods of film formation through
a simple change in the composition of the precursors. When using physical methods of deposition,
for example, the method of magnetron sputtering, a variation may be achieved in the presence of individual
targets of metals included in the composition. However, this method is not very reliable for reproducing
the composition of the films. When sputtering a ceramic target, changing the composition of the deposited
film requires replacing one ceramic target with another.
Nevertheless, in the latter case, it is possible to vary the composition of the films within certain limits
by changing the deposition parameters. Thus, it has been shown that by varying the working gas pressure
(in the range of 2–60 Pa) during RF magnetron sputtering of a ceramic target of barium-strontium
titanate (Ba1–xSrxTiO3 or BST), it is possible to change the composition within a fairly wide range
(x = 0.3 – 0.65) (Volpyas et al. 2016). The physical reason for this is a change in the length of the
thermalization zone. In this case, with an increase in the working gas pressure, the ratio of atoms deposited
under directional and diffuse sputtering regimes changes (Volpyas, Kozyrev 2011; Volpyas et al. 2016).
Experiments similar to the studies mentioned above were carried out with RF magnetron sputtering
of a ceramic PZT target of composition x = 0.46, where the length of the thermalization zone of the metal
atoms of the target also changed. These experiments showed the possibility of changing the composition
of the deposited films by ~ 2.5% with a variation in the pressure of the working gas mixture (Ar + O2)
in the range of 2–8 Pa (Fig. 2) (Osipov et al. 2018; Pronin et al. 2017). A drawback of the obtained results
was the formation of two-phase (perovskite-pyrochlore) films when the working gas pressure dropped
below 6 Pa. The reason was the decrease in the lead content in the deposited films below the stoichiometric
value.
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Fig. 2. Sputtering system geometry of the of RF magnetron deposition and the thermalization zone of lead atoms
in the working gas plasma at different pressures: 1) 2 Pa; 2) 8 Pa. d = 50 mm, r = 30 mm (Vol’pyas et al. 2019)

The aim of this work was to study the possibility of a fine change in the composition, microstructure,
and physical properties of thin films by varying the target-substrate distance (“d”) in an RF magnetron
sputtering chamber.

Thin film preparation
The films deposition was carried out using divided ceramic PZT target 100 mm in diameter
of a stoichiometric composition. The composition of the ceramic target corresponded to the morphotropic phase boundary. The target was sputtered at a gas mixture (80% Ar + 20% O2) pressure of 8 Pa.
At this pressure, the heaviest lead atoms were deposited on the substrate mainly in the diffusion mode.
The power supplied to the magnetron (200 W) was kept constant. The distance from the target to the
substrate varied in the range of 30–70 mm, while the temperature of the substrate, due to heating
in the plasma, varied from 160 to 90 оC. A platinized silicon wafer was used as a substrate. The thickness
of the deposited layers was ~500 nm. The deposited films were characterized by an amorphous structure.
The mutual geometry of the target and substrate is shown in Fig. 2.
At the second stage of preparation, the samples were annealed in air in a furnace at temperature
of Tann = 580 °C (1 hour) to form single-phase perovskite films. To study the electrophysical properties,
platinum contact pads with a size of 200 × 200 μm were formed on the surface of the films by the
method of RF magnetron sputtering.

Study of composition and microstructure
The composition of thin films was studied using an EVO-40 scanning electron microscope (Carl Zeiss)
equipped with an INCA energy dispersive attachment. The incident electron energy was 12 keV, at which
the near-surface region of the PZT layer ~300 nm deep was probed.
The composition analysis of the deposited (amorphous) films showed that the elemental ratio of Zr
and Ti atoms monotonically changed towards a decrease in the number of titanium atoms with an increase in the target-substrate distance (Fig. 3.1, curve 1). It can be seen from the figure that the range
of variation of the composition in the deposited films was ~1.5% from x = 0.485 to x = 0.47.
High-temperature annealing led to a change in the elemental ratio of Zr and Ti by ~1.5% (Fig. 3.1, curve 2).
The reasons for such changes are not associated with the loss of titanium atoms (the volatility of its
oxide vapor is low, in contrast to the anomalously high volatility of lead oxide vapor). Rather, the changes are caused by the segregation of titanium (zirconium) atoms during the crystallization of the perovskite
phase. The segregation process is associated with the difference (by more than 100 °C) in the crystallization temperatures of the perovskite phase in lead zirconate and lead titanate (Calame, Muralt 2007).
This means that the probability of nucleation of the perovskite phase will be higher in that part of thin
layer volume where the local titanium content is higher. The growth of the island is caused by the migration of titanium atoms to the phase boundary of the island and the reverse migration of zirconium
atoms.
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Fig. 3. Changes in the relative content of titanium (1) and lead (2) atoms in PZT films
with a change in the target-substrate distance.
The curves correspond to: 1—amorphous phase, 2—perovskite phase. Annealing temperature—580 °C

The location of the predominant nucleation (and growth) of perovskite islands over the polycrystalline
layer thickness (near interfaces or in the bulk of the layer, Fig. 4) is determined by a number of competing
factors. These include the local presence of lead excess, the presence of sublayers that facilitate
the nucleation of the perovskite phase, and the difference in mechanical conditions at the upper and
lower interfaces and in the bulk of the thin film. For the predominant nucleation of the perovskite phase
near the lower interface (near the boundary of the PZT layer and the lower platinum electrode), nanolayers
of titanium dioxide or metallic titanium are often used, previously deposited on the surface of the lower
electrode. These nanolayers also determine the orientation of the growth texture of a thin film
with a predominant “100” or “111” orientation (Pronin et al. 2013; Willems et al. 1997). In the absence
of such nanolayers, the minimization of the formation energy of perovskite islands will be determined
by the presence of excess lead.

Fig. 4. Schematic models of the perovskite (Pe) phase nucleation in the matrix of the pyrochlore (Py) phase:
near the lower interface (1), in the bulk (2) and near the upper interface of the PZT layer (3).
The arrows show the direction of Pe islands growth
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In our case, in the presence of a predominant ˂110˃ growth texture of the formed films (Pronin et
al. 2010), a decrease in the titanium content in the upper part of the film indicates that the nucleation
and growth of perovskite islands occurs mainly near the lower PZT layer interface. Judging by the
monotonic change in the Zr/Ti ratio, this mechanism works during the formation of the perovskite phase
in all the films under study, i.e., for all values of “d”.
Fig. 3.2 shows the change in the lead content with a variation in the target-substrate distance
in amorphous and annealed films. An increase in the lead content in amorphous films (curve 1) with an
increase in “d”, as noted earlier, is associated with a change in the thermalization zone length of the
heaviest atoms (lead) (Fig. 2). The relatively low excess of lead over the stoichiometric content and its
loss during annealing also indicates that the nucleation of islands of the perovskite phase and their growth
occurs in the lower part of the thin layer, or in its bulk, Fig. 4.1 and 4.2. In this case, there will be a directed
migration of titanium atoms from the surface into the depth of the film, and zirconium atoms in the
opposite direction.
Thus, on the one hand, by varying the target-substrate distance, it was possible to finely vary
the integral composition of the deposited films within 1.5%, but on the other hand, all the films formed
were also characterized by a gradient distribution of Zr (Ti) atoms over the thickness. From Fig. 3.1 it
follows that the value of the gradient is close to 1.5%. It should be noted that this result is not optimal
when it comes to achieving the highest dielectric and electromechanical parameters due to the “diffuseness”
of the MPB.
The microstructure of the near-surface layer of perovskite films was studied in the back scattering
electron mode at the incident electron energy of 12 keV. The microstructure was a set of polycrystalline
blocks ~20–40 µm in size (Fig. 5). The internal structure of the blocks consisted of separate rays emanating
from a single center. The highest density of rays was observed in films deposited at “d” = 30 mm
(Fig. 5.1), the minimum at “d” = 70 mm (Fig. 5.5), where the boundaries of the rays lost their clear outlines,
and their number sharply decreased. The reasons for these changes are still unclear as well as the reasons
for the emergence of a spherulite radiant structure. The study of the nature of spherulites observed during
the crystallization of various types of compounds requires additional investigations.

Fig. 5. SEM images of the spherulite microstructure of the perovskite thin PZT films deposited at different
target-substrate distances (d): 1)—30 mm; 2)—40 mm; 3)—50 mm; 4)—60 mm; 5)—70 mm
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Dielectric properties study
Fig. 6 shows the dependence of the dielectric constant (εk) of the samples on the target-substrate
distance measured at a frequency of 10 kHz using an E7-20 immittance meter. The dependence is a curve
with a minimum. This behavior can be associated with the simultaneous influence of a number of factors,
such as a possible difference in the crystallization temperature of the perovskite phase and the redistribution
of excess lead in the film volume, a decrease in the substrate temperature caused by plasma heating with
increasing “d”.

Fig. 6. Experimental dependence of the effective dielectric constant (εk) of PZT films on target-substrate
distance. The measurement frequency—10 kHz

The value of the internal field (Eint), by which one can qualitatively judge the self-polarization of thin
films (in the first approximation, these parameters change proportionally), changed rather strongly with
a change in the distance from the target to the substrate. This value is usually determined from the shift
of the capacitance-voltage characteristics (reverse dependences of the dielectric constant) (Fig. 7), or
from the shift of the dielectric hysteresis loops along the abscissa axis (Fig. 8). In the latter case, due to
the high frequency of the electrical impact, the definition of Eint turns out to be more accurate.

Fig. 7. Reversible dependences (ε-V) of perovskite PZT films deposited at d = 30 mm (1) and d = 70 mm (2).
Measurement frequency—10 kHz
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Fig. 8. Dielectric hysteresis loops of perovskite PZT films deposited at different target-substrate distances:
30 mm (1) and 70 mm (2)

Fig. 9 shows the values of the internal field determined from the dielectric hysteresis loops at different
amplitudes of the applied alternating field. Films deposited at “d” = 30 mm were characterized by high
values of the internal field, reaching Eint ~25 kV/cm, in an alternating field of ~200 kV/cm (curve 1), and
at “d” = 70 mm it decreased almost twice (Fig. 9, curve 3). In strong fields, ~400 kV/cm, the stability of
the internal field to external influences remained high for films deposited at “d” = 30 mm, while at high
values of “d” the dielectric hysteresis loops became almost symmetric (Fig. 8.2). The reason for the high
stability of the internal field (self-polarization) is apparently associated not only with a high concentration
of excess lead oxide localized near the lower interface of the film, but also with a change in its location
(Osipov et al. 2015).

Fig. 9. Experimental dependences of the internal field values (Eint) determined from dielectric hysteresis loops
(frequency—1 kHz) depending on the applied alternating voltage in PZT films deposited at d = 30 mm (1),
d = 50 mm (2) and d = 70 mm (3)

Conclusions
Thus, as a result of studying the films prepared by varying the substrate — target distance in the range
of 30–70 mm in the chamber of RF magnetron sputtering of a ceramic target, it was revealed that:
1) the composition of the deposited (amorphous) films varied in the range of 1.5%. This compositional
change covers a significant area of MPB. Subsequent annealing led to a small gradient of Zr (Ti)
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atoms, leading to “smearing” of MPB and, as a consequence, to deterioration of the physical
characteristics;
2) annealing of the deposited films at 580 °C led to the formation of a single-phase perovskite
structure;
3) the nature of the spherulite (perovskite) microstructure changed significantly;
4) the stability of the self-polarized state, determined by the magnitude of the internal field, strongly
depended on the target-substrate distance, which can be associated both with the redistribution
of excess lead over the thickness of the films and with a change in the appearance of the radiant
spherulite structure.
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Abstract. The paper discusses spectral sensitized photo processes in silver bromide caused by dyes adsorbed
on the surface of silver stearate via the lightguide mechanism and a direct hit of the luminescent light from
dye molecules localized near the microcrystal of silver bromide to the microcrystal of silver bromide.
The paper submits an estimation of the contribution of dye molecules localized on the surface of silver
stearate to overall spectral sensitization. These calculations demonstrate that the contribution of dye molecules
adsorbed on the particle of silver stearate to spectral sensitization of silver stearate—silver bromide structure
is comparable to the contribution of dye molecules placed on the microcrystal of silver bromide.
Dye molecules localized on the particle of silver stearate allow to raise the efficiency of spectral sensitization
by 40 to 60 percent.
Keywords: spectral sensitization, thermally developable photographic materials, silver stearate–silver
bromide structure, lightguide mechanism, luminescence of adsorbed dyes, computer calculations.

Introduction
Organic dyes are effective in spectral sensitization of photophysical and photochemical processes
in different semiconductors (AgHal, ZnO, TiO2 and other) both in visible and infrared ranges (Akimov
et al. 1980; Goryaev 2015; 2016; 2018; 2019; James 1977). Spectral sensitization is the most effective
control method of the sensitivity degree and the sensitivity spectrum for classic silver halide photo
materials (James 1977). The photoelectrochemical cells based on TiO2 particles with adsorbed sensitizing
dyes are an alternative to silicon solar cells (Gratzel 2003). The photothermographic materials based on
silver halide and silver salts of fatty acids (in particular, silver stearate) are used widely in the recording
of optical images (Goryaev 1991; Morgan 1993; Sahyun 1998). When preparing such photosensitive
composition, silver bromide is synthesized on the surface of silver stearate (Goryaev et al. 1992; Goryaev
1994a). The addition of organic sensitizing dyes to the compositions provides spectral sensitization
of these photo materials in visible and infrared range (Goryaev et al. 1992; Goryaev, Shapiro 1997).
The optimal concentration of sensitizing dyes for photothermographic materials is about one hundred
times more than the optimal concentration of these dyes for classic silver halide photo materials (Goryaev
et al. 1992). Dye molecules precipitate both on the surface of silver stearate and on the surface of silver
bromide when this dye is adsorbed into photothermographic compositions. The paper explores spectral
sensitized photo processes in silver bromide caused by dyes adsorbed on the surface of silver stearate.
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The paper also submits an estimation of the contribution of dye molecules localized on silver stearate
surface to the overall spectral sensitization.

Results and discussion
The scanning electron microscopy of photo thermo structures has indicated that cube microcrystals
of silver bromide of around 0.1 μm form on the surface of silver stearate at the optimal concentration
of silver bromide to silver stearate of 10 mol% (Goryaev 1994a; Goryaev, Smirnov 2020а). The particles
of silver stearate are oblong prisms about 1 μm in length and the height of 3 to 5 times smaller than
the length. In this case, the relation of silver stearate surface area to silver bromide surface area is 30 to 50.
As a first approximation, the quantity of dye molecules localized on the surface of silver stearate is also
30 to 50 times bigger than the quantity of dye molecules placed on the microcrystal of silver bromide.
This fact explains the difference of optimal concentrations of dyes for classic silver halide materials and
photothermographic materials.
The transfer of energy from dye molecules localized on the surface of silver stearate into the microcrystal of silver bromide via an inductive resonant mechanism (Ermolaev et al. 1996) cannot be significant at this particle sizes because critical radius of such transfer is 6 to 8 nm (Akimov et al. 1980). Besides,
the electrons from the excited dye molecules cannot pass through the silver stearate layer because silver
stearate is a typical dielectric. Dye molecules adsorbed on non-light sensitive silver stearate radiate with
luminescence quantum yield of a few dozen percent (Goryaev, Smirnov 2020a; 2020b). Silver stearate is
a transparent dielectric in the visible range which makes it possible for dye luminescent light to hit into
the microcrystal of silver bromide through the silver stearate particle. The absorption and luminescence
spectra of the dyes adsorbed on silver stearate strongly overlap. This fact stipulates the effective absorption of the luminescent light by dye molecules localized on the microcrystal of silver bromide. Consequently, spectral sensitization effectiveness of photo processes in silver halide increases according to the
classic theories of spectral sensitization process (Akimov et al. 1980).
The lightguide mechanism in silver stearate—polyvinylbutyral system (polyvinylbutyral is a binder
component in photothermographic materials), the strong overlapping of dye luminescence and absorption spectra, the significant quantum luminescence yield of different dyes adsorbed on the surface
of silver stearate are indicative of the significant contribution of dye molecules placed on the particle
of silver stearate in spectral sensitization of photothermographic materials.
In complex photothermographic structures the silver stearate—silver bromide system locates
in the binder component—polyvinylbutyral. The total internal reflection on the optical interface of silver
stearate—polyvinylbutyral is provided by the lightguide mechanism of spectral sensitization (Goryaev
1994b; 1998). The refractive index of polyvinylbutyral is 1.485 (Kabanov 1974). In turn, the refractive index
of silver stearate is 1.515 (Goryaev, Smirnov 2012). As a result, the luminescent light in silver stearate realizes
total internal reflection at angles of incidence of about 78.5°. This value allows to conclude that the lightguide
mechanism of spectral sensitization in photothermographic materials is effective enough.
The contribution of dye molecules adsorbed on the particle of silver stearate to spectral sensitization was
calculated according the model shown in Figure 1a. The silver stearate particle sizes are 1000 × 500 × 500 nm.
The silver bromide microcrystal sizes are 100 × 100 × 100 nm. The dye molecule size is 5 nm. The distance
between dye molecules is 5 nm. The refractive index of silver stearate is 1.515. The relative quantity
calculation of the luminescent light passing from the molecules localized on the surfaces of silver stearate
into the microcrystal of silver bromide was calculated by own software. The relative quantity
of the luminescent light passing into silver halide via the lightguide mechanism is 0.0042.
However, the quantity of dye molecules placed on the particle of silver stearate is 30 to 50 times more
than the quantity of dye molecules placed on the microcrystal of silver bromide. Consequently, 0.0042
is to be multiplied by 40. In this case, the contribution of dye molecules localized on the particle of silver
stearate via the lightguide mechanism relative to the contribution of the dye molecules placed on the
microcrystal of silver bromide is 0.17.
The investigations of silver stearate with adsorbed dye Rhodamine 6G by dielectric spectroscopy and
differential scanning calorimetry showed a significant influence of dye adsorption on the properties
of silver stearate (Castro et al. 2017a; 2017b; Smirnov et al. 2017). For example, the adsorption
of Rhodamine 6G leads to an extreme increase of permittivity. This is probably due to the emergence
of supplementary dipole–dipole interactions at the adsorption of silver stearate by Rhodamine 6G.
The significant increase of permittivity enhances spectral sensitization via the lightguide mechanism.
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Fig. 1. The visual illustration of spectral sensitization by dyes adsorbed on the surface of silver stearate:
a—the lightguide mechanism, b—the direct hit of the luminescent light.
1 — silver halide, 2 — silver stearate, 3 — molecules of sensitizing dye

However, the lightguide mechanism does not make allowance for the potential influence of dye
molecules localized on the surface of silver stearate particle containing the microcrystal of silver halide
on spectral sensitization (Fig. 1b). The luminescent light emitted by these dye molecules may potentially
hit into the lateral surfaces of the silver bromide microcrystal. The input data (the particle sizes etc.)
for the calculation of this model are similar to the data used to calculate the lightguide mechanism model.
In this case, the relative quantity of the luminescent light passing into the microcrystal of silver halide
is 0.052. Then, we calculated the ratio of the quantity of dye molecules localized on the microcrystal
of silver halide lateral face and the quantity of dye molecules localized on the surface of the silver stearate
particle. Optimally, this relation is calculated as the ratio of surfaces area of the silver halide and silver
S
S S
stearate particles, i.e. S  5  S , where S/—the area of silver stearate surface where the microcrystal
of silver bromide is placed, S—the area of silver bromide microcrystal surface, S//—the area of silver
stearate surface without the area of silver halide microcrystal surface where the microcrystal of silver
bromide is placed (the microcrystal of silver halide localizes on this face of the silver stearate particle).
S* = 5 · S (dye molecules localize on five surfaces of the silver halide particle). After the substitution
it turned out that the quantity of dye molecules placed on silver stearate plane is 10 times more than the
quantity of dye molecules placed on the microcrystal of silver halide. Therefore, the contribution of dye
molecules localized on the silver stearate plane relative to dye molecules localized on the silver halide
microcrystal is 0.52.
The total contribution estimation of dye molecules placed on the particle of silver stearate in relation
to the contribution of dye molecules placed on the microcrystal of silver halide has to take into account
relative contributions of the two described mechanisms and the multiplication of the given result
by luminescence quantum yield of dye adsorbed on silver stearate. The luminescence quantum yield
of Rhodamine 6G adsorbed on silver stearate is 0.55. In this case, the value of the contribution of dye
molecules localized on silver stearate is 0.38, i.e., approximately 40 percent in relation to the contribution
of dye molecules placed on the microcrystal of silver halide.
It is worth noting that the contribution value of dye molecules placed on the surface of silver stearate
depends on the dye type because luminescence quantum yield is conditioned by the sort of dye adsorbed
on the particle of silver stearate. If luminescence quantum yield of a dye is about 1.0 then the considered
contribution is more than 60% in relation to the contribution of this dye adsorbed on the microcrystal
of silver bromide.
//

/

*

Conclusion
The calculations show that the contribution of dye molecules localized on the particle of silver stearate
to spectral sensitization of silver stearatesilver bromide structure is comparable to the contribution
of dye molecules placed on the microcrystal of silver bromide. The effectiveness of spectral sensitization
of photothermographic materials can be increased by 40 to 60 percent by the dye molecules adsorbed
on the silver stearate particles. This is conditioned by both the lightguide mechanism and the direct hit
of the luminescent light from dye molecules localized near the microcrystal of silver bromide.
These calculations have confirmed the results of the investigations of photothermographic materials
spectral sensitivity and absorption spectra of adsorbed dyes which showed comparable contributions
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of dye molecules placed on the particles of silver stearate and dye molecules localized on the microcrystal
of silver bromide (Goryaev 1998).
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Abstract. This article discusses the spectral dependences of the absorption coefficient of thin arsenic
sulphide films obtained by spin-coating, identified using a single-beam spectrophotometer in the wavelength
range of 400–1000 nm. The effect of doping of molybdenum on the optical band gap is studied.
While for a pure glass the band gap decreases with higher sulphur concentration, the opposite trend
is observed in glass doped with molybdenum. Molybdenum doping also leads to an increase in Urbach
energy. The obtained experimental curves are compared with theoretical ab-initio calculations.
Keywords: arsenic sulfide, molybdenum, spin-coating, optical band gap, Urbach energy.

Introduction
Glasses containing sulphur (S), selenium (Se) or tellurium (Te) are known as chalcogenide glassy
semiconductors (ChGS). One of the features of ChGS is their ability to change properties under
the influence of external factors (Kolobov 2006). In particular, this is due to the fact that in ChGS, along
with the valence electrons involved in the formation of the covalent bond, there are pairs of electrons—
the so-called lone electron pairs (LP-electrons)—the electronic states of which are located at the top
of the valence band. This determines their response to the electronic excitation of the system (Kastner
et al. 1976). Currently, these glasses are widely used in devices of infrared and integral optics, optical
imaging and optical data processing due to their unique properties. The creation of stable and durable
glasses with certain optical and electrical properties is an important goal for the physics of condensed
state. Structural modification by varying the composition of a material is one of the ways to achieve this.
In practice, either binary compounds (Ge—Te, Sb—Te) or multicomponent ChGS systems such as
(As—Se—S, Ge—As—S) are used. One of the most studied is the compound of arsenic sulphide As—S.
It can be assumed that modifying this composition by molybdenum makes it is possible to vary its
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structural features. Since the atoms of transition metals have six-fold coordination, the bonds are formed
with empty d-orbitals of the metal and LP-electrons of chalcogenides. These are the so-called donoracceptor bonds. As a consequence, the concentration of inert LP electrons in such materials decreases
(Kolobov et al. 2020).
In this paper, we studied the optical characteristics of thin film of AsxS(100–x) (x = 15–40) composition,
as well as the impact of the transition metal molybdenum on the optical properties. The choice
of molybdenum is due to the fact that molybdenum disulphide MoS2 is one of the most studied materials
at present, and it is of interest to study the effects of doping of molybdenum on a typical sulphur-based
ChGS. The paper also compares experimental data and the results of ab-initio modelling.

Experimental methods
Thin films with and without a transition metal: AsxS(100–x) and AsxS(100–x): Mo (x = 15–40) as samples.
The films were obtained by spin-coating on a glass substrate. The thickness of the films was ~300 nm.
The advantages of this method are as follows: the possibility to obtain uniform films over large areas
of a given thickness and composition close to stoichiometric, at a low cost of equipment
(Krbal et al. 2007). The doping of arsenic sulphide with a transition metal was carried out by adding
a (NH4)2MoS4 dissolved in propylamine. This solution was mixed with As—S solutions. The study
of the morphology and composition of the films under consideration was carried out using a scanning
electron microscope (SEM).
Transmission and reflection spectra were measured using a single-beam spectrophotometer SF-2000
in the wavelength range λ = 400–1000 nm in 1 nm increments.
Ab-initio simulations were performed using the CASTEP software (Clark et al. 2005).

Results and discussion
Figures 1 and 2 show the spectrophotometry results of the thin films of arsenic sulphide AsxS(100–x)
and those containing molybdenum Mo, respectively. Three notable regions can be identified in the
transmission spectra: strong absorption in the region of short wavelengths, transparency in the longwavelength region and—between them—the fundamental absorption edge. The obtained high transmittance
region (~70–80%) spectra have an oscillatory character, due to the presence of light interference in the
film-substrate system.

Fig. 1. Transmission spectra of As—S chalcogenide films with compositions:
As15S85 (1), As20S80(2) As30S70(3) As33S67(4)
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Fig. 2. Transmission spectra of As—S:Mo chalcogenide films with compositions:
As25S75 (1), As30S70(2) As33S67(3) As40S60(4)

It is interesting to note that with an increase in sulphur concentration in the As—S system,
the fundamental absorption edge shifts towards longer waves; however, in the presence of a transition
metal in the film, the shift occurs towards shorter wavelengths.
In the region of strong absorption, for the dominant indirect allowed optical transitions characteristic
of arsenic sulphide, the optical band gap Egopt is related to the absorption coefficient α by Tauc extrapolation
(Tauc et al. 1966):
αhv = A (hv – Eg)2,(1)
where, A is a constant depending on the nature of optical transitions. Previously, this approach has
been successfully used in particular in (Lazarenko et al. 2019) to study a compound of Ge—Sb—Te system.
The dependences of the expression (αhv)1/2 on the photon energy (Figures 3; 4) are characterized by
linearity in the region of strong absorption (α ~ 104 см–1). Extrapolation of the tangent in this area to the
intersection with the horizontal axis allowed us to determine the values of the optical band gap Egopt
(Table 1). The table demonstrates that, in an arsenic sulphide film without a transition metal, the band
gap decreases with increasing sulphur content, while in the composition with molybdenum, the gap
increases when the concentration of sulphur is increased. It is also seen that doping of a transition metal
significantly reduces the band gap.

Fig. 3. Dependence of (αhv)1/2 on photon energy hv in chalcogenide glasses As—S with composition:
As15S85 (1), As20S80(2) As30S70(3) As33S67(4) from which the optical gap Egopt is determined

Physics of Complex Systems, 2021, vol. 2, no. 3

117

Effect of doping of molybdenum...

Fig. 4. Dependence of (αhv)1/2 on photon energy hv in chalcogenide glasses As—S:Mo with composition:
As25S75 (1), As30S70(2) As33S67(3) As40S60(4) from which the optical gap Egopt is determined

Table 1. Optical parameters
Film
composition

Optical band gap
As—S, Egopt, eV

Optical band gap
As—S: Mo, Egopt, eV

Urbach energy
As—S, Eu, eV

Urbach energy
As—S: Mo, Eu, eV

As15S85

2.3579

–

0.121

–

As20S80

2.3268

–

0.143

–

As25S75

–

1.6346

–

0.249

As30S70

2.3266

1.8422

0.122

0.143

As33S67

2.3158

1.9009

0.077

0.19

As40S60

–

1.9293

–

0.21

For glassy compounds, an exponential change in the absorption coefficient is often observed around
the absorption edge. This dependence is often called an Urbach edge (Urbach 1953), and is described by
the expression:
α(hν) = αoexp – [(Egopt – hν) /EU)],(2)
where EU is the characteristic Urbach energy corresponding to the depth of penetration of the “tail”
of localized states into the forbidden band.
The values of Urbach energy calculated from the slope of the linear section of the dependence ln (α)
on the photon energy (Fig. 5; 6) for the samples under consideration are presented in Table 1. The obtained values of Urbach energy are higher than typical (Mott, Davis 1979) by the order of ~0.05 eV. We
believe that this may be due to the technology we used to obtain samples and the presence of uncontrolled
residues of solvents.
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Fig. 5. The dependence of the absorption coefficient logarithm (ln α) on the photon energy hv
in chalcogenide glasses As-S of composition: As15S85 (1), As20S80(2) As30S70(3) As33S67(4)
from which the Urbach energy EU is determined.

Fig. 6. Dependence of the logarithm of the absorption coefficient (ln α) on the photon energy hv
in chalcogenide glasses As—S of composition: As25S75 (1), As30S70(2) As33S67(3) As40S60(4)
from which the Urbach energy EU is determined.

In parallel with the experimental study, the optical parameters of amorphous As2S3 (with and without
molybdenum) were calculated in an ab-initio simulation based on the density functional theory. Figure
7 shows the calculated spectral dependences of the absorption coefficient. Note the absorption spectrum
of As2S3 doped with molybdenum is shifted towards lower energies, which corresponds to a decrease in
the band gap upon doping and is in agreement with experiment. The calculated value of the band gap is
less than the corresponding experimental values, which is a well-known feature of such DFT calculations
(Perdew 1985).
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Fig. 7. Spectral dependence of the absorption coefficient obtained by DFT calculation

Conclusion
Thus, the study of the spectral dependences of the absorption coefficient of thin glassy films of the
As—S system obtained by the spin-coating method made it possible to determine the values of the optical band gap, which correlate with the results of studies of films obtained by different methods
(Němec et al. 2005; Yamaguchi 1985). It was shown that doping of the transition metal leads to a significant decrease in the band gap, as well as to the inversion of the compositional dependence of the
band gap. Specifically, in a pure sample the optical gap increased with an increase in the ratio of sulphur
in the composition, in samples containing molybdenum it decreased with an increase in sulphur.
The experimentally observed decrease in the band gap with the introduction of molybdenum is confirmed
by calculations from ab-initio.
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Abstract. The article discusses one of the typical problems described by the equations of nonlinear
dynamics—forced oscillations in a system with W-potential. It focuses, in particular, on chaotic oscillations
in the presence of dissipation. In this case the state of the system is described by a chaotic (strange)
attractor and can be characterized by the probability density in the phase space. A partial differential
equation for the probability density is presented. It is shown that when the parameters change
in the system under consideration, symmetry breaking can occur. In this case the superposition principle
for the probability density is valid. It is similar to the superposition principle for the quantum mechanical
function in the problem of particle motion in the W-potential field.
Keywords: nonlinear dynamics, strange attractor, probability density, chaos, perturbation theory,
superposition principle.

Introduction
The phenomenon of spontaneous symmetry breaking is widespread in various physical systems,
from the simplest mechanical systems to objects studied by cosmology. The essence of the phenomenon
is that, despite the invariance of the equations of motion describing the system with respect to some
transformations of symmetry, the system turns out to be in a state that is not invariant with respect
to these transformations. For example, in the theory of molecular spectra, the Hamiltonian of a molecule
is invariant under the operations of permutation of identical nuclei and inversion. The corresponding
transformations form a complete permutation-inversion group of the nuclei of the molecule (Bunker
1979). However, in real molecules, some of the corresponding movements (permutation of the nuclei,
or the movement leading to the inversion of the nuclei) are unrealizable. As a result, the actual symmetry
of the molecule is lower than that of the original Hamiltonian. The symmetry group corresponding to
the realized motion is defined by the Banker as the molecular symmetry group, which is a subgroup
of the symmetry group of the original Hamiltonian.
A typical example is the tetratomic molecules AB3, whose equilibrium structure of the nuclei is
a tetrahedron with the base of a regular triangle (Fig. 1).
The combination of operations of inversion of nuclei and permutation of two identical nuclei results
in the new configuration of the molecule, equivalent to the movement of the nucleus A through the plane
formed by the nuclei B. This movement is realized in the NH3 molecule, but it is not realized in the NF3
molecule. As a result, the molecular symmetry group of the NH3 molecule is isomorphic to the point
symmetry group D3h, and the molecular symmetry group of the NF3 molecule is isomorphic to the point
symmetry group C3v (Bunker 1979). Thus, one can say that in the NF3 molecule the symmetry is broken,
unlike in the NH3 molecule.
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Fig. 1. Tunneling in a molecule AB3
It should be noted, however, that if the NH3 molecule is in the lowest vibrational states, then
the motion considered above is low probable. In this case, we can talk about tunneling through
the potential barrier when the nucleus A passes through the plane formed by the nuclei B. Taking into
account the fact that the motion of the nuclei of a molecule can be considered in a quasi-classical
approximation, the description of such tunneling is included in a number of textbooks as an educational
task (Landau, Lifshitz 1977). The consequence of tunneling is the splitting of the energy level corresponding
to the movement within a single minimum of energy (Fig. 2).

Fig. 2. Splitting in a system with W-potential due to tunneling

If we denote the wave function describing the motion in the region of one of the minima in disregard
of tunneling through ψ(x), then the wave functions corresponding to the split levels are superposition
of the functions describing the motion in each of the corresponding pits:

The splitting of the energy levels ΔE is proportional to the tunneling probability. With a low probability,
and, accordingly, a small splitting, the probability of detecting a molecule in the region of one of the local
minima oscillates according to the law:
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Since the oscillation period gradually increases with a decrease in the probability of tunneling, it is
strictly impossible to determine at what specific value of ΔE the symmetry breaking occurred. In accordance
with the definition of Bunker (Bunker 1979), we can assume that the symmetry is broken if the molecule
remains in one of the configurations near the local minimum during the observation period. That is, the
symmetry is broken at
, where tobs is the observation time.

Chaotic motion in classical systems with W-potential
The potential shown in Fig. 2, usually called W-potential, can be modeled, in particular, by the
expression:
,
where the parameters α < 0 and β > 0. In classical mechanics, the motion of a body of a unit mass
in such a potential in the presence of a viscous friction force and an external periodic force is described
by the Duffing equation:
.
(1)
In this equation, the parameter γ characterizes the dissipation, and the parameters f and ω the amplitude and frequency of the external force.
Depending on the parameters of the problem, forced oscillations can capture the regions of both
minima, or occur near one of the minima. At a sufficiently large value of the driving force f and a small
depth of the pit
, the oscillation captures the regions of both minima, and with a decrease
in f and (or) an increase in ΔU, it shifts to the region of one of the pits, without crossing the potential
barrier.
A characteristic feature of the solutions of the Duffing equation is the occurrence of chaotic oscillations for certain sets of equation parameters. In the case of chaotic oscillations, the motion extends
to both minima. In this case, the chaotic attractor has a certain symmetry, which is well shown in the
fractal picture of the Poincare section (Liaptsev 2013). At the same time, with other sets of parameters,
the movement can have a regular character, that is, be periodic. The system described by the Duffing
equation with the parameter γ > 0 is a typical example of a dissipative system in which chaotic motion
has certain features. Equation (1) can be written as an autonomous system of three differential equations
of the 1st order:
υ

υ

(2)

The trajectory of the system in chaotic motion tends to the chaotic attractor (strange attractor). Since
the dependence of the right side of equations (2) on the variable φ is determined by the periodic function,
we can assume that φϵ[0,2π]. The trajectory of motion in the phase space can be represented as
a line “wound” on the torus (Fig. 3), and the Poincare section is a fractal (see, for example, (Schuster 1984)).

Fig. 3. Poincare cross section for the system (2)
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The regularity of chaotic motion, which is clearly shown in the characteristic picture of the Poincare
section allows us to introduce the probability density ρ(φ,x,υ), which determines the probability that the
system is in the region of the phase space dφdxdυ (Liapzev 2019; 2020):
.
The probability density determined this way is normalized by one and satisfies the equation:
,(3)
where the differential operator L is defined by the expression:
.(4)
Equation (3), unlike the original Duffing equation (1), is a linear equation, so the probability density
has properties characteristic of solutions of linear equations. In particular, for a small change
in the operator L, the change in the probability density is also small. This allows us to use one or another
version of the perturbation theory to calculate the average value of a certain physical quantity. That leads
to the fact that if a change in the operator ΔL can be represented as a sum:
,
where λn are small parameters, then the average value of any physical quantity that depends
on the variables φ, x, υ, is also a linear function of these parameters. A numerical experiment for the case
of specific perturbation operators confirms the validity of the above statement (Liapzev 2020).
It should be noted that such linear properties occur only for chaotic motion, when the attractor is
a chaotic attractor, and changes in the parameters keep the motion chaotic. The probability density
in this case can be modeled as some smooth function of the variables φ, x, υ. In case of regular motion,
the variables φ, x, υ are periodic functions of time, and the attractor is a limit cycle with a period 2πn/ω,
where n is a natural number. Within a single period, the variables x and υ can be expressed as singlevalued functions of the variable φ :
.
In accordance with equations (2), the functions g(φ) and h(φ) satisfy the equations:

The probability density in this case is no longer a smooth function, but can be expressed as the
δ-functions:
,
where C is the normalization coefficient. It is easy to show that the probability density determined
in this way satisfies equation (3). However, small changes in the parameters of the equation in this case
can lead to an abrupt change in the nature of the movement. As a result, with a small change in the
parameters, the system may transfer to a new attractor in the form of a limit cycle or to a chaotic attractor.

Symmetry breaking for solutions of the Duffing equation
The potential corresponding to the conservative force in the Duffing equation is symmetric with
respect to the coordinate inversion transformation. However, the equation of motion (1) itself does not
have such a symmetry. Nevertheless, the symmetry is preserved if we use a set of transformations that
leave equation (1) invariant:

Physics of Complex Systems, 2021, vol. 2, no. 3

125

Spontaneous symmetry breaking and superposition...
When moving from equation (1) to a system of autonomous equations (2), the set of transformations
that leave this system invariant can be written as:
(5)
It is easy to see that the set of transformations (5) leaves the operator L, defined by equality (4),
invariant. It follows from equation (3) that its solutions must be either even or odd functions with respect
to the set of transformations (5). Since the probability density is by definition a positive value, we get the
equation:
.(6)
In the case of the W-potential, the probability density satisfies the relation (6) if the oscillations capture the regions of both minima. However, when the amplitude of the external field decreases, the oscillations are limited to either the region x < 0 or the region x > 0. This means that, depending on the initial
conditions, one of the solutions exists: ρ<(φ, x, υ), which turns to zero at x > 0, or ρ>(φ, x, υ), which turns
to zero at x < 0. The initial symmetry in this case manifests itself in the relations:
.(7)
Let us now assume that for a certain set of parameters, the symmetry is broken, so that, depending
on the initial conditions, the solutions ρ<(φ, x, υ), or ρ>(φ, x, υ), are realized, but the movements in both
cases remain chaotic. Let us also assume that with some small change in the parameters, the symmetry
is restored, and the character of the motion remains chaotic. This means that the symmetry breaking
occurs when the operator L changes slightly. This, in turn, means that perturbation theory can be applied
to find solutions. The case in question is similar to the quantum mechanical problem with W-potential.
The solution for the probability density for chaotic oscillations involving both pits can be obtained from
perturbation theory and in the zero order has the form:
.(8)
Thus, we can say that the principle of superposition of solutions is fulfilled, but, unlike the quantum
mechanical problem, not for wave functions but for probability densities.

Numerical results
The validity of the above assumption can be verified by a numerical experiment. However, the attempt
to use the solutions of the Duffing equations is unsuccessful. If, for some parameters, the oscillations are
chaotic and capture the regions of both pits, that is, the transitions over the barrier realize, then when
the symmetry is broken, the oscillation in the region of one of the pits turns out to be periodic, that is,
instead of a chaotic attractor, the solution tends to the attractor in the form of a limit cycle. In this case,
it is impossible to check the relation (8). The reason for the transition to the limit cycle is, apparently,
that chaotic oscillations in the system described by the Duffing equation are realized either at large values
of the amplitude of the driving force, or when there is a local maximum potential in the oscillation region.
It is easy to show that for a quadratic potential, small oscillations, driving with harmonic force, can occur
both in the case when the potential has a minimum (near the minimum) and in the case when the potential
has a maximum (near the maximum). However, oscillations near the minimum are stable, and unstable
near the maximum. Namely this kind of instability can generate chaotic motion.
The above considerations suggest that making the oscillations in the region of one of the pits chaotic
when the symmetry is broken, it is necessary to complicate the shape of the potential by adding maxima
to each of the pits. At the same time, it is desirable that for large values of the coordinate, the potential,
like the potential in the Duffing equation, increases proportionally to the fourth power of the coordinate.
In this paper, we used for the calculation the potential:
,

(9)

where the potential maxima are provided by the Lorentz distribution function:
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The parameters α0 and α1 determine the heights of the central and side local maxima, the parameters
β0 and β1 determine the widths of these maxima, and the parameter dx determines the shift of the side
maxima relative to the central maximum. For further calculations, the following values were used:
α0 = 7.5, α1 = 2.3, β0 = β1 = 0.3, dx = 1. The potential graph is shown in Figure 4.

Fig. 4. Graph of the potential defined by the expression (9)

The numerical calculation was carried out for an equation similar to the Duffing equation, with
a modified force:
,
where
and U(x) is defined by the expression (9). The parameters determining the dissipation and frequency of driving force were assumed to be equal, γ = 0.2, ω = 3.9 respectively. The numerical calculation shows that at the value of the driving force amplitude f = 1.85, the oscillation at these
parameter values is chaotic and captures the regions of both pits. Meanwhile, for quite long periods the
oscillation occurs in one of the pits with rare jumps from one pit to another. For f = 1.84, a symmetry
breaking occurs, so that the oscillation, which is also chaotic, is limited to the region of one of the pits,
depending on the initial conditions.
The calculation of probability densities was carried out on a time interval equal to 10,000 periods
of driving force. As a result of the calculation, a three-dimensional array ρ(φi, xj, υk), was calculated.
The array size is 120 × 101 × 101. The values of ϕi were distributed over the interval [0,2π) in a regular
way. The values of xj and υk were uniformly distributed over the intervals [–xmax, xmax] and [–υmax, υmax],
respectively, where xmax and υmax are the maximum values of the coordinate and velocity modulus obtained
as a result of calculations on this time interval.
Since the superposition principle is only statistically valid, an element-by-element comparison of the
arrays included in equality (8) is meaningless. A visual comparison of the results can be illustrated by
the graphs below.

The probability density averaged over the variable υ
To graphically represent the probability density on a two-dimensional graph, we define the average
density by the ratio:

where Nυ = 101 is the dimension of the array along the υ axis. Figure 5 shows graphs of the probability
density
at f = 1.84, when the symmetry is broken, that is, oscillations occur in the region
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of one of the pits depending on the initial conditions. On the horizontal axis, the x value is plotted, and
on the vertical axis, the φ value is plotted. Darker areas correspond to a higher probability density.

Fig. 5. Graphs of the average probability density (see the text)

The probability density distribution in the left graph corresponds to the oscillations in the left pit
(x < 0). To clearly demonstrate the symmetry, the right graph shows the probability density of oscillations
in the right pit (x > 0), transformed in accordance with the relations (5), that is, inverted with respect
to x and shifted by π with respect to φ.
Figure 6 shows the probability density distribution graphs calculated at f = 1.85 (upper graph) and
f = 1.84 (lower graph). To visually verify that the superposition principle is fulfilled, the probability density obtained for the left pit ρ<(φ, x, υ), is shifted by π and inverted, after which the superposition (8)
is calculated. Note that, due to the symmetry, an almost indistinguishable picture is obtained if instead
of the relation (8) we use the relation:
.

Fig. 6. Graphs of the average probability density (see the text)
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Cross sections at ϕ = const
Other graphs that allow us to visually judge the fulfillment of relation (8) are the sections
of the probability density graph at constant values of φ. Figure 7 shows the graphs at φ = 0 (left graphs)
and φ = π (right graphs).

Fig. 7. Graphs of the probability density cross section (see the text)

As in the previous figures, the upper graphs correspond to the probability density calculated
at f = 1.85, and the lower ones calculated at f = 1.84 for oscillations in the left pit and combined in accordance with the superposition principle (relation (8)). In addition to illustrating the superposition
principle, the graphs also illustrate symmetry. Rotation of the right graphs by 180° around the axis perpendicular to the drawing plane (transformations x→–x, υ→–υ) gives an image that is almost indistinguishable from the left graphs.

Quantitative estimation of the results
To calculate a certain quantitative estimate of the fulfillment of the superposition principle, we turn
to the equation for the probability density, which in the case of the potential chosen by us has the form:
,(10)
where
, and U(x) is defined by the expression (9). It is easy to show that if some positive
function ρ(φ, x, υ), is found that satisfies equation (10), then for any real value p, the function (ρ(φ, x, υ))p,
will also satisfy equation (10). Now, let us define the function:
.(11)
In the probabilistic sense, the function ψ(φ, x, υ) is analogous to the quantum mechanical wave function, its modulus square gives the probability density. However, first, the definition (11) does not allow
us to uniquely define the function ψ(φ, x, υ), based on the function ρ(φ, x, υ). The function ψ(φ, x, υ)
multiplied by an arbitrary phase factor depending on the variables φ, x, υ, will also satisfy the relation
|ψ(φ, x, υ)|2 = ϱ(φ, x, υ). Secondly, in this case, there are no properties similar to the properties of quantum
mechanical wave function (quantization, interference, etc.). However, definition (11) can be used to
quantify the proximity of two different solutions for the probability density. To do this, we can use the
concept of a scalar product similar to the scalar product of quantum mechanical functions. For the two
calculated probability densities ρ1(φ, x, υ) and ρ2(φ, x, υ), the scalar product of the corresponding functions ψ1(φ, x, υ) and ψ2(φ, x, υ) can be defined as follows:
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,(12)
where Nφ, Nx and Nυ determine the dimension of the array ρ(φi, xj, υk). Obviously, the scalar product
defined in this way can take a value from 0, when the probability densities are completely different, to 1,
when the probability densities are completely the same. Thus, we can give the relations (7) and (8) some
quantitative estimation. According to the relation (11), we define for the probability density ρ>(φ, x, υ)
the function ψ>(φ, x, υ), and for the probability density ρ<(φ+π, –x, –υ), the function ψ<it(φ, x, υ). Calculated in accordance with the above definition, the scalar product gives the following value:
.
This quantitatively confirms the manifestation of the properties of symmetry presented in the above
figures.
Similarly, to quantify the validity of the principle of superposition of solutions (8), we define for the
probability density ρ(φ, x, υ) function ψ(φ, x, υ) according to the relation (11), and for the probability
density
(the right part of equality (8)), the function ψsuperp(φ, x, υ). Then the
numerical evaluation of the validity of the superposition principle can be determined by calculating the
scalar product of the functions ψ(φ, x, υ) and ψsuperp(φ, x, υ) in accordance with the definition of the scalar
product (12). The result of the calculations
corresponds to the similarity of the graphs
shown in Figures 6 and 7.

The superposition principle in classical systems with dynamic chaos
and in quantum mechanical systems
From the above, an analogy follows between the quantum mechanical problem, in which the symmetry breaking is considered, and the problem of classical dynamics, which admits a solution with dynamic chaos. Just as in a quantum mechanical problem, the use of the superposition principle (Feynman
et al. 2006) can be justified by applying perturbation theory to the linear equation that determines the
solution of the problem. Indeed, let equation (10), which can be written as:
where

,
,

define the probability density of chaotic motion and have two solutions ρ<(φ, x, υ) and ρ>(φ, x, υ),
which correspond to chaotic motion in the region of the left (x < 0) and right (x > 0) pits of a potential
similar to W-potential (9). Due to the symmetry of the problem, the relation (7) holds. We will consider
the operator L as an unperturbed operator. Let a small addition (perturbation):
(13)
to the unperturbed operator lead to the fact that the solution of the equation
describes the chaotic movement that captures both pits. The solution ρ(φ, x, υ) in this case can be
obtained by perturbation theory. In the zero approximation for ρ(φ, x, υ), we get the former equation.
However, since the solution must now describe the motion in both pits, it is necessary to take a superposition of the solutions ρ<(φ, x, υ) and ρ>(φ, x, υ). The symmetry properties and positivity of the ρ(φ, x, υ)
function allow us to obtain only the solution proportional to the sum of the solutions ρ<(φ, x, υ) and
ρ>(φ, x, υ), and from the normalization condition it follows that the coefficient for the sum must be equal
to 1/2.
The numerical experiment confirms the above relations. We have given just one concrete example.
Calculations show that with an increase in the perturbation operator (13), that is, with an increase in
the value of Δf, the corrections of the 1st order of the perturbation theory increase. This manifests itself
| it .
in a decrease in the value of
The introduction of functions proportional to the root of the probability density is convenient for
evaluating the accuracy of perturbation theory calculations. However, they cannot be given the same
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meaning of wave functions as in a quantum mechanical problem. This statement can be illustrated by
the following example. As mentioned above, in a quantum mechanical problem with W-potential, the
probability of detecting a molecule in the region of one of the local minima oscillates according to the
law expressed by:
(14)
These oscillations are manifested in the spectra of the corresponding systems. In the classic problem
under consideration, we also observe jumps from one pit to another with long intervals of chaotic motion in the region of each of the pits. However, the numerical experiment shows that there is no regular
periodicity similar to the oscillations (14). This statement is confirmed by the fact that the calculated
Fourier spectrum for such motions does not have any clearly expressed maximum, in addition to the
maximum at the frequency of the driving force ω.

Conclusion
This paper investigated only one special case of chaotic motion in the problem of classical nonlinear
dynamics, however, the obtained conclusions can be generalized to other systems where dynamic chaos
manifests itself. These conclusions can be formulated as follows.
1) Chaotic motion in dissipative systems of classical dynamics can be characterized by the probability density of states in the phase space. The function corresponding to the probability density can
be obtained by solving a partial differential equation.
2) For the solutions of this classic problem, the principle of superposition of solutions is valid, as is
the case with the quantum mechanical problem.
3) The validity of the superposition principle can be most effectively shown in the problem that
admits a symmetry breaking when changing some parameters. The validity is confirmed by the
numerical experiment.
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Abstract. The new experimental data on various properties of the secondary charged pions produced
in n12C collisions at 4.2 GeV/c are presented. A comparative analysis of the average multiplicities and
various kinematic properties of the charged pions produced in n12C and p12C collisions at 4.2 GeV/cis
is made. The experimental data are compared systematically with the predictions of the modified FRITIOF
model. It is found that the modified FRITIOF model overestimates the average multiplicities of the charged
pions in n12C (p12C) collisions at 4.2 GeV/c compared to the experiment. It is shown that this is due to
the fact that the model overestimates the contribution of the intranuclear cascade processes in production
of pions in the target fragmentation region compared to the experiment. It is also found that the model
underestimates the multiplicity of the charged pions in the projectile fragmentation region. It is shown
that this is due to the fact that the model underestimates the contribution of ∆ resonances decays to the
generation of the fast charged pions in the analyzed collisions.
Keywords: neutron-carbon collisions, proton-carbon collisions, intermediate energies, pion production,
average multiplicities, total and transverse momentum distributions, rapidity distributions, emission
angle distributions.

Introduction
This paper builds upon a series of previous papers (Olimov et al. 2007a; 2007b) and is devoted to the
comparative analysis of various properties of the charged pions produced in p12C and n12C collisions at
4.2 GeV/c. The experimental data are compared with the results of Monte Carlo calculations in the
framework of the modified version of the FRITIOF model (Bekmirzaev et al. 1984; Galoyan et al. 2002).
The experiment was performed using a 2-meter propane (C3H8) bubble chamber at the Laboratory
of High Energies of Joint Institute for Nuclear Research (JINR, Dubna, Russia). The bubble chamber was
irradiated by the beams of protons, deuteron and helium-4 nuclei accelerated to the momentum
of 4.2 GeV/c per nucleon at the Dubna Synchrophasotron. The experimental data consist of 6736 p12C,
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7071 d12C, 11974 4He12C, and 2798 n12C inelastic collision events. n12C collisions were selected from d12C
and 4He12C interactions according to the procedures described in detail in (Olimov et al. 2007b).
The procedures used to determine particle momenta with a track projection length in the working
volume of the chamber l < 4 cm, as well as separation of protons and π+ mesons in the momentum region
p > 750 MeV/c are described in (Olimov et al. 2007a).

Experimental results and their discussion
Table 1 shows the experimental data on the average multiplicities of charged pions (the mean number
of the charged pions per one inelastic collision event) produced in p12C and n12C collisions at 4.2 GeV/c.
From Table 1 one can see that the average multiplicity of negative (positive) pions coincides with the
average multiplicity of positive (negative) pions in p12C and n12C collisions, respectively. This result is
obvious from the isotopic invariance of the strong interactions under consideration. However, as seen
from Table 1, the model overestimates the average multiplicities in comparison with the experimental
data by approximately 10%, both for negative and positive pions.
Table 1. Average multiplicities of π− and π+ mesons, as well as their absolute differences DR in the experiment
and in the modified FRITIOF model in p12C and n12C collisions at 4.2 GeV/c
Type of collision
Quantity

р12С

n12C

Experiment

Model

Experiment

Model

<n(π−)>

0.36 ± 0.02

0.40 ± 0.01

0.64 ± 0.02

0.70 ± 0.01

<n(π+)>

0.63 ± 0.02

0.71 ± 0.01

0.37 ± 0.02

0.39 ± 0.01

∆R

0.27 ± 0.03

0.31 ± 0.01

0.27 ± 0.03

0.31 ± 0.01

In order to determine the contribution of inelastic charge exchange reactions of the initial neutron
(proton) to the formation of negative (positive) pions, let us consider the difference in the average multiplicities of the negative (positive) and positive (negative) pions in n12C (p12C) collisions (see the last line
of Table 1). The numbers of protons and neutrons in the 12C- nucleus are the same, so the contribution
of inelastic charge exchange reactions of the target nucleons to the formation of both the negative and
positive pions of the final state should be the same due to the isotopic invariance of the strong interactions. Then the value of DR can be used as an estimate of the contribution of inelastic charge exchange
reactions of the initial neutron (proton) to the formation of the final state negative (positive) pions
in n12C (p12C) collisions. One can see from the data in Table 1 that, both in the experiment and in the
modified FRITIOF model (Azimov et al. 1976; Galoyan et al. 2002) these contributions are equal for both
types of collisions, respectively. If we consider that in the experiment the value of the inelastic charge
exchange coefficient of the nucleon in nucleon-nucleus collisions (i.e. the average multiplicity of the
initial nucleon lost during the collision process) is equal to 0.36 ± 0.01 (Galoyan et al. 2002), then, as can
be seen from Table 1, three-fourths (¾) of the inelastic charge exchange coefficient of the initial nucleon
can be attributed to the formation of a single charged pion, and the remaining one-fourths (¼)of this
coefficient can be attributed to charge exchange reactions with nucleons of the target of the np→pn or
pn→np type. Hence, it can be concluded that more than 42% of the negative (positive) pions are produced
due to inelastic charge exchange of the initial neutron (proton) in n12C (p12C) collisions at 4.2 GeV/с.
We have observed that our version of the modified FRITIOF model (Bekmirzaev et al. 1984; Botvina
et al. 1993) overestimates the average multiplicities of the charged pions in the interactions considered.
It is interesting to understand to what extent this discrepancy is reflected in the kinematic characteristics
of the charged pions.
In Table 2, we present the experimental data on the mean values of the total, longitudinal and transverse momenta, emission angles, and the longitudinal rapidity in the laboratory frame, and the partial
inelasticity coefficient for π− and π+ mesons produced in p12C and n12C collisions at 4.2 GeV/с in comparison with the results of model calculations.
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It follows from Table 2 that the average values of the transverse momenta of the charged pions in the
experiment coincide, within statistical errors, for p12C and n12C collisions. It can also be noted that the
average values of the longitudinal momentum, as well as of the longitudinal rapidity for the negative
(positive) pions are greater than those for positive (negative) pions in n12C (p12C) collisions, respectively. This difference can be explained, as noted above, if we take into account both the contributions
of inelastic charge exchange reaction (conversion) of incident neutron (proton) into the proton (neutron)
and the negative (positive) pions, and of the ∆0 (∆+) resonance decays into the nucleon and pion.
The average values of the longitudinal rapidity of the charged pions, calculated according to the modified
FRITIOF model, coincide with the results of the experiment within statistical errors.
Table 2 also presents the experimental and theoretical values of the partial inelasticity coefficients for
π− and π+ mesons produced in p12C and n12C collisions, respectively. It should be noted that since the
value of the incident momentum and the mass of the projectile-nucleon in the experiment are comparable, we have calculated the partial inelasticity coefficients of the charged pions as the ratio of the total
energy of the secondary charged pions in a given individual collision event to the kinetic energy of the
projectile nucleon. Table 2 shows that the average values of the partial inelasticity coefficients for the
charged pions coincide, within statistical errors, in the experiment and the model. This indicates that
distribution of the primary (incident) energy among the produced pions, or the ratios of the main
mechanisms for pion production, is indeed taken into account correctly in the model.
Table 2. Average values of the total, longitudinal and transverse momenta (in MeV/с), the emission angle (in degrees),
the longitudinal rapidity and the partial inelasticity coefficient (K) for π− and π+ mesons in p12C and n12C collisions
at 4.2 GeV/с in the experiment and in the modified FRITIOF model
Type of collision
Quantity

р12С

n12C

Experiment

Model

Experiment

Model

<P(π−)>

501 ± 8

495 ± 3

575 ± 10

526 ± 2

<P(π+)>

571 ± 7

527 ± 2

511 ± 7

492 ± 3

<Pl(π−)>

395 ± 9

381 ± 3

464 ± 11

414 ± 3

<Pl(π+)>

454 ± 7

414 ± 2

386 ± 12

376 ± 3

<Pt(π−)>

243 ± 3

233 ± 1

245 ± 3

243 ± 1

<Pt(π+)>

263 ± 3

242 ± 1

262 ± 5

234 ± 1

<Pt(π−)>

48.0 ± 0.7

45.8 ± 0.2

43.6 ± 0.7

43.9 ± 0.2

<Pt(π+)>

46.2 ± 0.5

44.0 ± 0.2

47.7 ± 0.9

46.3 ± 0.2

<Y(π−)>

0.89 ± 0.02

0.92 ± 0.01

1.00 ± 0.02

0.97 ± 0.01

<Y(π+)>

0.95 ± 0.02

0.97 ± 0.01

0.88 ± 0.02

0.91 ± 0.01

<K(π−)>

0.06 ± 0.01

0.06 ± 0.001

0.12 ± 0.01

0.12 ± 0.01

<K(π+)>

0.11 ± 0.01

0.12 ± 0.01

0.06 ± 0.01

0.06 ± 0.01

It is important to understand which region of the momentum distributions is responsible for the
discrepancy observed between the multiplicities of the charged pions in the experiment and the model.
For this purpose, we consider, first of all, the total momentum distributions for the negative and positive
pions in n12C and p12C collisions.
Figs. 1 and 2 show the total momentum distributions of π− (a) and π+ (b) mesons in n12C (Fig. 1) and
12
p C (Fig. 2) collisions at 4.2 GeV/c, normalized by the total number of inelastic events (Nevents) and the
width of the momentum interval (∆P). The corresponding distributions calculated using the modified
FRITIOF model are shown as histograms for comparison.
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Fig. 1. The normalized total momentum distributions of the negative (a) and positive (b) pions in n12C collisions
at 4.2 GeV/c. Histograms–the calculations within the framework of the modified FRITIOF model
(Bekmirzaev et al. 1984)

Fig. 2. The normalized total momentum distributions of the negative (a) and positive (b) pions in p12C collisions.
Histograms—the calculations within the framework of the modified FRITIOF model

We can see from Fig. 1 that the experimental momentum distribution of π+ (b) mesons in n12C collisions is a single-modal one, it demonstrates a smooth decrease with the pion momentum, and does not
have any irregularities up to the largest values of the total momentum. Regarding the experimental
spectrum of π−(a) mesons in n12C collisions, although in general it is similar to the spectrum of π+ mesons,
there is some deviation from the exponential dependence in the region of large momentum p > 1 GeV/c,
where the spectrum decreases more slowly with the increase of the total momentum. This observed
“shoulder” is probably related to the production of fast π− mesons in n12C collisions due to inelastic charge
exchange reactions (conversions) of the incident neutron into the π− meson and proton, and excitation
of the incident neutron into intermediate ∆0 resonance, which decays swiftly into the same channel: π−
meson and proton. It is important to note that, based on the kinematical considerations, the contribution
of the leading delta resonance to the pion spectrum will be particularly noticeable in the region of the
total momenta p³ 1 GeV/c.
The corresponding reverse pattern is observed for the momentum distributions of π− (a) and π+ (b)
mesons in p12C collisions in Fig. 2. Here, the irregularity in the momentum distribution of π+ mesons
can be caused both by the inelastic charge exchange reaction (conversion) of the incident proton into π+
meson and neutron, and by the decay of the intermediate ∆+ resonance formed due to excitation of the
incident proton.
Physics of Complex Systems, 2021, vol. 2, no. 3

135

Comparison of some properties...
Figs. 1 and 2 also show that the calculated momentum spectra of the charged pions for both π− (a)
and π+ (b) mesons are single-modal ones and there are no deviations from the general smooth behaviour
of the spectra with the increase in momentum. The theoretical data exceed the experimental ones for
both π− (a) and π+ (b) mesons for both types of collisions in the momentum range of p ≤ 1 GeV/c.
The model is apt to describe the shape of the experimental momentum distributions of the negative
(positive) pions in n12C (p12C) collisions in the range 1 ≤ p ≤ 2 GeV/c. Regarding the high momentum
tail of the momentum distributions (p³ 1 GeV/c), the model systematically underestimates the negative
(positive) pions in n12C (p12C) collisions when compared to the experimental data.
Hence, from comparison of the experimental data with model calculations we see that the modified
FRITIOF model overestimates the average multiplicity of the charged pions in p12C and n12C collisions
at 4.2 GeV/c by about 10%. It is important to mention that the model overestimates the number of pions
in the target fragmentation region (p ≤ 1 GeV/c) and underestimates their number (π− mesons for n12C
collisions and π+ mesons for p12C collisions) in the projectile fragmentation region (p³ 1 GeV/c).
Thus, the 10% excess of the calculated values of the average multiplicity of the charged pions in the
model in comparison with the experiment is due to the fact that the model overestimates the contribution of intranuclear cascade processes to the production of pions in the target fragmentation region.
This ultimately leads to lower average values of the momentum of the charged pions in the modified
FRITIOF model (Bekmirzaev et al. 1984) compared to the experiment. The average multiplicity of the
protons with momenta p > 140 MeV/c (the lower detection threshold for the reliable registration of the
protons in the experiment) in p12C and n12C collisions in the experiment and the model are as follows:
<np(n12C)>exp = 1.65 ± 0.02, <np(n12C)>mod = 1.96 ± 0.01 and <np(p12C)>exp = 1.92 ± 0.02, <np(p12C)>mod =
2.32 ± 0.01. It can be seen that for both types of collisions the average multiplicity of protons is
approximately 1.2 times greater in the model than in the experiment.
On the other hand, the fact that the model underestimates the number of pions in the region of projectile fragmentation, as well as the absence of a “shoulder” in the considered pion spectra (π− mesons
for n12C collisions and π+ mesons for p12C collisions) indicates that the model underestimates the contribution of D resonances to pion production in the projectile fragmentation region (p³ 1 GeV/c).
Figures 3 and 4 show the normalized experimental data on the transverse momentum distributions
of π− (a) and π+ (b) mesons in the analysed collisions compared with the calculated theoretical distributions (shown as histograms).
Figures 3 and 4 show that both the experimental and theoretical transverse momentum distributions
of the charged pions are smooth and flat for both types of collisions with their tails extending up to
pt = 1 GeV/c values. The model overestimates the experimental spectra in the region pt < 0.5 GeV/c and
underestimates them at pt > 0.5 GeV/c. In fact, the behaviour of the theoretical transverse momentum
distributions reflects the behaviour of the total momentum distributions previously discussed by us,
because the emission angle distributions of the charged pions in both the model and the experiment are
very close to each other. On the whole, the model qualitatively describes the data on the transverse
momentum distributions of the charged pions.

Fig. 3. The normalized transverse momentum distributions of the negative (a) and positive (b) pions in n12C collisions.
Histograms—the calculations within the framework of the modified FRITIOF model (Galoyan et al. 2002)
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Fig. 4. The normalized transverse momentum distributions of the negative (a) and positive (b) pions in p12C
collisions. Histograms—the calculations within the framework of the modified FRITIOF model

Conclusions
We have presented the new experimental data on various properties of the secondary charged pions
produced in n12C collisions at 4.2 GeV/c. We have also performed a comparative analysis of the average
multiplicities and various kinematic properties of the charged pions produced in n12C and p12C collisions
at 4.2 GeV/c. Experimental data were compared systematically with the calculations using the modified
FRITIOF model.
It is shown that in n12C (p12C) collisions at 4.2 GeV/c around half of the negative (positive) pions are
produced due to inelastic charge exchange reaction (conversion) of the initial neutron (proton) into
proton (neutron) and the negative (positive) pion.
The momentum distributions of the negative (positive) pions proved to be more rigid than those
of the positive (negative) pions produced in n12C (p12C) collisions. This fact can be related with production of the fast negative (positive) pions due to the inelastic charge exchange reaction (conversion) when
the incident neutron transforms into π− meson and proton, and the decay of the intermediate ∆0 resonance formed due to excitation of the incident neutron (or when the incident proton transforms into π+
meson and neutron, and the decay of the intermediate ∆+ resonance formed due to excitation of the
incident proton) in n12C (p12C) collisions, respectively.
It is found that the modified FRITIOF model overestimates the average multiplicities of the charged
pions in n12C (p12C) collisions at 4.2 GeV/c compared to the experiment. It is shown that this is due to
the fact that the model overestimates the contribution of the intranuclear cascade processes in production of pions in the target fragmentation region compared to the experiment.
It is also found that the model underestimates the multiplicity of the charged pions in the projectile
fragmentation region. It is shown that this is due to the fact that the model underestimates the contribution of decays of ∆ resonances to the generation of the fast charged pions in the analysed collisions.
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